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PEEFAOE. 


E object of the following treatise is to exhibit the 
lementary principles and notation of the Quaternion 
lus, so as to meet the wants of beginners in the 
‘oom. The JElementa and LectiireB of Sir William 
n Hamilton, while they may be said to contain the 
stion of all that wiU be done in the way of Quater- 
fesearch and application, are not, for this reason, as 
>n account of their diffuseness of style, suitable for 
opposes of elementary instruction. Tait’s work on 
‘rnions is also, in its originality and conciseness, 
d the time and needs of the beginner. In addition 
3 above, the foUovdng works have been consulted: 
'colo dei Qiiaternione. Bella^itis ; Modena, 1858. 
r)OBition de la Metliode des J^quipoUences, Traduit 
talien de Giusto Bellavitis, par C.-A. Laisant ; Paris, 
(Original memoir in the Memoirs of the Italian 
y, 1854.) 

eorie EUmentaire des Quantites Complexes, J. 
1 ; Paris, 1874. 

mi sur tine 3fan{h*e de Representer les Quantites 
Inaires dans les Oonstrnction Geometriques, Par 
rgand; Paris, 1806. Second edition, with preface 
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PREFACE. 


by J. Hoiiel ; Paris, 1874. Translated, with notes, from 
the French, by A. S. Hardy. Van Xostrand’s Science 
Series, Xo. 52; 1881. 

Kiirze Anleitimg zum Rechnen mit den (^Hamilton^ scTien'} 
Qitaternionen, J. Odstrcil; Halle, 1879. 

Applications Meeaniques du Caleul des Quaternions. 
Laisant; Paris, 1877. 

Introduction to Quaternions. Kelland and Tait; Lon- 
don, 1873. 

A free use has been made of the examples and exercises 
of the last work ; and, in Article 87, is given, by permis- 
sion, the substance of a paper from Volume I., page 379, 
American Journal of Mathematics^ illustrating admirably 
the simplicity and brevity of the Quaternion method. 

If this presentation of the principles shall afford the 
undergraduate student a glimpse of this elegant and pow- 
erful instrument of analytical research, or lead him to 
follow their more extended application in the works above 
cited, the aim of this treatise wrill have been accomplished. 

The author expresses his obligation to Mr. T. W. D. 
Worthen for valuable assistance in the preparation of 
this work, and to Mr. J. S. Cushing for whatever of 
typographical excellence it possesses. 

A. S. HABDY. 

Hanoveb, N.H., June 21, 1881. 
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CHAPTER I. 

Addition and Subtraction of Yectors, or Geometric Addition and 
Subtraction* 

1. A Vector is the representative of transference through a 
given distance in a given direction. 

Thus, if A, B are any two points, vector ab implies a trans- 
lation from A to B. 

A vector may be represented geometrically by a right line, 
whose length denotes the distance over which transference takes 
place, and whose direction denotes the direction of the trans- 
ference. In thus designating a vector, the direction is indicated 
by the order of the letters. 

Thus, AB (Fig. 1) denotes transference ^ 

from A to B, and ba from b to a. 

Retaining the algebraic signification of the signs -f- and — , if 
AB denotes motion from a to b, then — ab will denote motion 
from B to A, and 

AB=— BA, — AB=:BA . . . • (1). 

Hence, the effect of a minus sign before a vector is to reverse 
its direction. 

The conception of a vector, therefore, implies that of its two 
elements, distance and direction; it was first defined as a directed 
right line. It is now applied more generally to all quantities 
determined by magnitude and direction. Thus, force, the path 
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of a moving bod\', velocity, an electi’ic cuiTent, etc., are vector 
quantities. 

Anahtically, vectors are represented by the letters of the 
Greek alphabet, a, /5, y, etc. 


Fi ’■ •'* 
C 
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2 . It follows, from the definition of a vector, that all lines 
'icliich are equal and parallel may he represented by the same vec-- 

tor symbol v:itli like or unlike signs. 
If equal and drawn in the same 
direction, they will have the same 
sign. Hence an equality between 
'V two vectors implies equality in dis- 

^ tance with the same direction. 

Thus, if AB (Fig. 2) , cd, be, ef 
and iiG are equal and drawn in the same direction, they may be 
represented by the same vector symbol, and 

AB = CD = BE = EF = HG = a . . . . (2) . 


3 . It follows also from the definition of a vector that, if ' 
tors are not parallel, they cannot be represented by the same 
vector symbol. 

Thus, if the point a (Fig. 3) move over the right line ab, 
from A to B, and then over the right line bc, from b to c, and 

ab = a, BC must be denoted by 
some other symbol, as 
The result of these two succes- 
sive translations of the point a is 
the same as that of the single and 
direct translation AC=y, from a to 
c ; in either case a is found at the 
extremity of the diagonal of the 
parallelogram of which ab and bc are the sides. This combina- 
tion of successive translations is called addition., and is written 
in the ordinary way, a + /3 = y (8). 

This expression would be absui-d if the symbols denoted mag- 
nitudes only. It means that transference from a to b, followed 
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by ti’ansference from b to c, is equivalent to transference from 
A to c. The sign + t^oes not therefore denote a numerical ad- 
dition, or the sign = an equality between magnitudes. It is^ 
however, called an equation, and read, as usual, “a plus ^ is 
equal to 7 .” This kind of addition is called rjeottiPtric addition. 


4. If the point a (Fig. 3) , instead of mo\'ing over the sides 
AB, BC of the parallelogi'am abcd, had moved in succession over 
the other two sides, ad and dc, the result would still have been 
the same as that of the single translation over the diagonal ac. 
But since ab and bc are equal in length to dc and ad respect- 
ively, and are drawn in the same direction, we have (Art. 2) 

AB = DC and bc = ad, 

and if the first two translations are represented by ab and bc\ 
the second two may be represented by bc and ab, or 

a + ^ = ^ + = y (■^) • 

Hence the operation of rector addition is commutative^ or the 
sum of any number of given vectors is independent of their order. 


5. If the point a (Fig. 4) move in succession over the three 
edges AB, bc, cg of a parallelepiped, 
we have 



Hence 


(ab + bc) -{- cg = ab -f (bc -h cg) 




and the operation of vector addition is associative^ or the sum 
of anj" number of given vectors is independent of the mode of 
grouping them. 
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6 . Since, if ac = y (Fig. 3) , then ca = — y, we have 
a4-/5 — y = 0, 

or, comparing with equation (3), 

a-h/3 = y, 

a term may he transposed from one member to another in a vector 
equation by changing its sign. 

Also, in every triangle, any side may be considered as the 
sum or difference of the other two, depending upon their direc- 
tions as vectors. Thus (Fig. 3) 

y — /3 = a, 
y— a = /3. 

It is to be obser^^ed that no one direction is assumed as posi- 
tive, as in Cartesian Geometry. The only assumption is that 
opposite directions shall have opposite signs. The results must, 
of course, be interpreted in accordance with the primitive as- 
sumptions. Thus, had we assumed ba = a (Fig. 3) , y and /5 
being as before, then . 

p — a = y, 
a — ft =—y. 


7. If two vectors having the same direction be added together, 
the sum vdll be a vector in the same dmection. If the vectors 
be also equal in length, the length of the vector sum will be twice 
the length of either. If n vectors, of equal length and drawn 
in the same direction, be added together, the sum will be the 
product of one of these vectors by ?i, or a vector ha\dng the same 
direction and whose length is n times the common length. If 
then (Fig. 2) 

AF = a*AB = a;CD = OJa, 


where a, b and f are in the same sti*aight line, cd = ab, and x 
is a positive whole number, x expresses the ratio of the lengths 
of AF and a. From the case in which x is an integer we pass, 
by the usual reasoning, to that in which it is fractional or in- 
commensurable. Vectors, then, in the same direction, have the 
same ratio as the corresponding lengths. 
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If AB = a be assumed as the unit vector, then 

AF = 9Ka, 

in which in is a posiYu’e numerical quantity and is called the 
Tensor. It is the ratio of the length of the vector ina to that 
of the unit vector a, or the numerical factor by which the unit 
vector is multiplied to produce the given vector. 

Any vector, as jg, may be written in general notation 

« 

In this notation, T/5 (read “tensor of is the numerical 
factor which stretches the unit vector so that it shall have the 
proper length ; hence its name, tensor. It is. strictly speaking, 
an abstract number without sign, but, to distinguish between it 
and the negative of algebra, it may be said to be always posi- 
tive. r/5 (read “ versor of is the unit vector having the 
direction of /3 ; the reason for the name versor will appear later. 

T and U are also general sjTnbols of operation. Written be- 
fore an expression, they denote the operations of taking the 
tensor and versor, respectively. Thus, if the length of ^ is n 
times that of the unit vector, 

T(/3) = 7i, 

where T denotes the operation of taking the stretching factor, 
z.e. the tensor. While 

r()3)=r/3 

indicates the operation of taking the unit vector, that is, of 
reducing a vector /? to its unit of length without changing its 
direction. 

8. If BC (Fig. 5) be any vector, and ba = 2 /bc, then 

— BA = AB = — y^c ; - 

and, in general, if ba and bc be b c » ; a 

am^ two real vectors, and 

of unequal length, we may always conceive of a coefficient y 
which shall satisfy the equation 


BA = 2/BC. 
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where y is plus or minus, according as the vectors have the same 
or opposite directions, y may be called the geometric quotient, 
and is a real number, plus or minus, expressing numericallj^ the 
ratio of the vector lengths. This quotient of parallel vectors, 
which may be positive or negative, whole, fractional or incom- 
mensui-able, but which is alwa 3 ’s rcaZ, is called a Scalar, because 
it may be always found by the actual comparison of the parallel 
vectors with a parallel right line as a scale. 

It is to be observed that tensors are pure numbers, or signless 
numbers, operating only metrically on the lengths of the vectors 
of which the}^ are coefficients : while scalars are sign-bearing 
numbers, or the reals of Algebra, and are combined with each 
other by the ordinary mles of Algebra ; they may be regarded 
as the product of tensors and the signs of direction. 

Thus, let 

a= aUa. 

Then Ta = a. If we increase the length of a by the factor h, 
6 is a tensor, but the tensor of the resulting vector is &a. If we 
operate with — 6, — h is not a tensor, for a is not only stretched 
but also reversed ; the tensor of the resulting vector is as before 
ha ; in other words, direction does not enter into the conception 
of a tensor. As the product of a sign and a tensor, — h is a 
scalar. The operation of taking the scalar terms of an expres- 
sion is indicated by the symbol S. Thus, if c be any real alge- 
braic quantity, 

S(— haUa + c) = c, 

for — ha Ua is a vector, and the only scalar term in the expres- 
sion is c. 

9. It is evident fi:om Art. 7 that if a, 6, c are scalar coeffi- 
cients, and a any vector, we have 

(f6 + &-f-c) a=aa-j-&a-f Ca . . . . (6). 

Furthermore, if (Fig. 6) 

OA=a, AB = /?, BC = y, Oa' = ma. 
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then, a'b' being drawn parallel to ab and b'c' to bc, 


Now 


a'b' = m^, b'c' = my, 


oc = a + /5 + y, 


Fig. 6. 


and 


oc' = moc = m (a + /5 + y) . 

But we have also 

oc' = oa' + a'b' 4- b'c' 

= ma + + my. 



Hence 

(a + /5 -{- y) = ??la 4- m/3 + '??iy ... (7), 

or the distributive laiu holds good for the multiplication of scalar 
and vector quantities. 


10 . It is clear that while 

a — a = 0, 

a ± /3 cannot be zero, since no amount of transference in a direc- 
tion not parallel to a can affect a. 

Hence, if 

no. 4- miS = 0, 


since a and /3 are entirely independent of each other, we must 
have 

na = 0 and myS = 0, 


or 


Or, if 
then 


92 = 0 and m = 0. 
ma -f up = a 4- 9i'/3, 


m = wJ and n = n\ 


And, in general, if 


5a 4- 2/3 = 0, 


then 


5a = 0 and 5/3 = 0 


. . ( 8 ). 
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Three or more vectors may, however, neutralize each other. 
Thus (Fig. 7) 


Tig 7 . 



a' + ^ + 7 + S=0, 
e — /5 — a = 0, 

and this whether abcd be plane or 
gauche. In am" closed figure, there- 
fore, we have 

a-f/3 + r + 8 + =0, 


where a, /?, y, , are the vector sides in order. 


11. Examples. 


1. The right lines joining the extremities of equal and paralld 


Fig. 8. 



right lines are equal and 2 ')CtralleL 

Let OA and bd (Fig. 8) bo 
the given lines, and oa = a, 
BO = /5, DA = y. Then, by 
condition, BD = a. 

Now, 


also. 


BA = BO + OA = /3 + a ; 
BA = BD DA = a y ; 


or, equating the values of ba, 

-f- a = a -}- y. 

Hence (Art. 2), y = /?, and bo is parallel and equal to da. 


2, The diagonals of a parallelogram bisect each other. 
In Fig. 8 we have 


also 


BD = OA = OP + PA ; 


BD = BP + PD ; 

. • . OP -f- PA = BP -}- PD. 

But, OP and pd being in the same right line, 

OP = ??IPD. 


Similarly 


PA = ?IBP. 
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Hence 


and 


7?IPD + = PD -f- BP, 

m = l, 71=1, 

OP = PD, BP = PA. 


3. If tico triangles^ having an angle in each equal and the 
including sides proportional, he joined at one angle so as to have 
their homologous sides parallel^ the remaining sides icill he in a 
straight line. 


Let (Fig. 9) AB = a, ae = /S. Then, 
by condition, dc = xa, db = xj3. 

Now 


CB = CD + DB = X (/5 — a) . 


But 


BE = ^ — a. 


Fig. 9. 
B 



C H B 


Hence (Art. 2), b being a common point, cb and be are one 
and the same right line. 


4. If two right lines join the alternate extremities of two 
parallels, the dine joining their centers is half the difference of 
the p>cirallels. 

We have (Fig. 10) 

AB = AD + DC + cb, 
and, also, 

AB = AE 4- EF + EB. 

Adding 

2 AB = (ad + ae) 4- (dc -f ef) + (cb + fb) 

= EF — CD ; 


Fig. 10. 



or, as lines, 


AB = |- (ef — CD) . 
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Fig. 11. 


5. The medials of a triangle meet in a point and triseci each 
other. 

Let (Fig. 11) BO = a, CD = y5. Then 

OC = a, DA = yS. 

Now 

BA= 2a-f 2^ = 2 (a + /?), 

and, since od= (a + yS)} ba and od are 
parallel. 

Again 

BP -{- PA = BA = 2 OD = 2 (op + PD) . 

But BP and pd, as also op and pa, lie in the same du*ection^ 
and therefore 

BP = 2 PD and pa = 2 op. 

Hence the medials oa and db trisect each other. 

Draw CP and pe. Then 



and 


BP = 2 pd = fBD = -1(2 a + /5) , 

CP=CB + BP=:| (2aH-j0)-2a = | (^-a), 
PE = PB + BE = a + /5-f (2a-h^) =-J (/3-a). 


Hence pe and cp are in the same straight line, or the medials 
meet in a point. 

6. In any quadrilateral^ plane or gauche., the bisectors of 
opposite sides bisect each other. 

"We will first find a value for op (Fig. 12) under the supposi- 
tion that p is the middle point of 
GE. We shall then find a value for 
OP, under the supposition that p is 
the middle point of fh. If these 
expressions prove to be identical, 
these middle points must coincide. 
In this, as in many other problems, 
the solution depends upon reaching 
the same point by different routes and comparing the results. 


Fig. 12. 
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Let OA = a, OB = /?, OC = y. 

1st. OC + CG = OE + EG. (a) 

But 

CG = iCB = i(^-y), 

which, in (a), gives 

y — 7 ) = H" 

EP = -J-EG = i(y + ^ — a), 

OP = OE 4- EP = la + ^ (y -h /5 — a) 

= i (ct + ^ + 7 ) • (^) 

2d. FH — |aB = FO -f“OA, 

or 

FH - I (/3 — a) = - ly + a. 

.-. FP=:|fh = J(a + ^ — y), 

OP = OF + FP = |y + i (a 4- /3 — y) 

= i ^ + 7 ) ? 

which is identical with (b). Hence, the middle points of fh 
and GE coincide. 


7. If ABCD (Fig. 13) be any parallelogram^ and op any line 
parallel to do, and the indicated lines be draton^ then will mx 
be parallel to ad. 


Let AIM = a, BM = /3. 

Then 

AO = ma, 

AD = ncL 4-i>^i 

OD = — ma 4 - na +2^/^* 



We have 


NM = NO 4- OM = NP 4 - PM, 


NO = .T ( — ma 4- na +pP) , 
OM= (1 — ??l)a, 

NP = a; ( — m^ -j- na 4~P^) 9 
PM = (1 — m) /5. 


in which 
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Substituting in the above equation, we obtain, by Art. 10, 



1— Ml/- r 1—™.^ 

= nia +i)p) = AD. 

m m 

Hence ad and nm are parallel. 

8. through any jpoint in a parallelogram^ lines he drawn 
parallel to the sides^ the diagonals of the tioo non-adjacent 
parallelograms so formed will intersect on the diagonal of the 

Let (Fig. 14) OA = a, ob = p. 
Then or = ma, oe = 

We have 

RD=R04-OE-j-ED = 7l^+(l— 7?l) a, 

ES =EO + OR-l-RS =ma+(l— n) /?. 

Also 

FO = PR -f- RO = OJRD + RO = X [llS + (1 — m) a] — ma, (a) 
and 

FO = PE + EO = yES -I- EO = y [jna -f- (1 — w) /5] — np, (b) 
From (a) and (6) 

no; = (1 — ?i) — ?i and x (1 — m) — m = ym. 
Eliminating y 

X ~ — . 

1 — — n 


original parallelogram. 

Pig. u. 



F 


00 
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Substituting this value of x in (a) 


FO 


m 

1 — — 71 

mn 

1 — 7?i — n 


[iijS 4- (1 — m) a] — ma 


or, FO and oc = + a) are in the same straight line. 


9. ijf, in any triangle oab (Fig. 15), a line od he drawn to 
the middle point of ab, and he produced to any pomt^ as f, and 
the sides of the triangle he produced to meet af and bf m h and 
R, then will hr he parallel to ab. 


Let OA = a, OB = jS. Then or = a:a, 
OH = 2/i^, AB = yS — a. 

Now 


OD = OA + I AB = I- (a 4- /3) . 

Also, OF = a (a 4- , that is, some 

multiple of od. 

Then, 1st. 

BR=pBF, 


Fig. 16. 



-/54-a;a=i} (-/?4 “Of) 

= i> [— /3-I-2 + ? 

x^pz and — 1=^2— j>. (a) 


Eliminating z 

p = a;4-l. 

And, 2d. 

AH = gAF, 

— a + 2/^ = g (-a + OF) 

= g [— a4-2: (a 4-/?)] ; 
y=zqz and — l = g 2 i — g. (5) 


Eliminating z 
From (a) and (6) 


g = 2/ + i. 
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and, since = a; + 1 and g = ^ -h 1, 


rig. 15. 



li 


a; = 2/ and p = g. 

EH = no + OH = 2//^ — xa = cc (/? — a) 
= ajAB, 

or, EH and ab are parallel. 


10. If any line pe (Fig. 16) le dmwn^ cutting the hvo sides 
of any triangle abc, and he produced to meet the third side in q, 
then 

16- PC . BQ . EA = CE . AQ . BP. 

Let BP = a, CE = /?. Then pc = j?)a, 
EA = rp and ba = bc + ca = (1 -{-p) a 
+ (l + r) fS. 

We have 

^ AQ = aJBA = 0/ [ (1 a -}- (1 + ?*) , 

as also 

AQ = AE + EQ = - + y (i>a + /?) . 

.'. X (1 +p) = yp and a? (1 + r) = — ?• + y. 



Eliminating^ a- = (1 + a;) pr ; 
whence 

AQ__^ PC EA 

ba”"ba bp ’ ce’ 
or 


PC . BQ . EA = CE . AQ . BP. 


11. triangles are equiangular, the sides about the equal 
angles are proportional. 


Let (Fig, 1/) BC = a, CA = Then be = ?n.a, 
BD = ma. + and ba = a -j- 
Now 

BD = pBA, 

ma -f- 72^ = p (a + ^) . 


ED = 71/3, 


Whence 


m^ p^ n=^ p and m =? 71 . 
BE : BC : : ED : ca. 
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12. If, through any x>oint o (Fig. 17), irnthin a triangle abc, 
lines he draivn imrallel to the sides, then vjill 


^ GF HI __ 2 

CA CB AB 

Let CA = /?, CB = a. Then ab == 
a — ED = mjS, HI = J29 (a — /3) and 
GF = Ola. 

We have 


Fig. 17. 



CO = CG 4- GO = CH -h HO. 

Now, as lines, 


(a) 


GF GA _ 

cb'”ca~" ’ 

EB _ ED 

cb”’ca"" ’ 

DB __ DE _ 
AB^AC”” ’ 


CG = CA — GA= (1— n) /5. 

GO = CE = CB — EB = (1— on) a. 

HO — AD = AB — DB = (1 ~ 7?l) (a — ^). 


Substituting in (a) 

(1 — 7i) /5 + (1 ~ m) a = p/? 4- (1 — on) (a — , 

or (Art. 10) n + m+p = 2. 


12. Complanar vectoirs are those oohich lie in, or paoxillel to, 
the same plaoie. If a, y are any vectors in space, they are 
complanar when equal vectors, drawn from a common origin, 
lie in the same plane. 

If a, /?, y are complanar, but not parallel, a triangle can al- 
ways be constructed, having its sides parallel to and some mul- 
tiple of a, y, as aa, h/B, cy. If we go round the sides of the 
triangle in order, we have 

aa 4- &/? + = 0* 

If a, p, y are not complanar, conceive a plane parallel to 
two of them, as a and /?. In this plane two lines may be drawn 
parallel to and some multiple of a and /3, as aa and ; and 
these two vectors may be represented by (Art. 3). 
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Now being in the same plane with aa and cannot 
therefore be equal to y, or to any multiple of it ; ph and y can- 
not therefore (Art. 10) neutralize each other. Hence 

jjS 4- cy = eta + + cy cannot be zero. 

If^ then^ ive have the relation 

aa + + cy = 0 

between non-parallel vectors^ they are complanar; or, if a, y 
be not complanar, and the above relation be true, then, also, 

a = 0, 6 = 0, c = 0. 


13. Co-initial vectors are those ivhich denote transference 
from the same point. 

(«) . If three co-initial vectors are complanar^ and give the 
relations, ^ . 

(а) eta + 6^ + Cy = 0 ■) 

(б) a + 6 + c=0 J 

they win terminate in a straight line. 

For, let OA = a (Fig. 15) , ob = /S, od = y. Then da = a - y, 
ba = a — 

From Equation (9), (6) 


(ft + 6 + c) a = 0, 

from which, subtracting (ct) of Equation (9) , 

6 (a — yS) + C (a — y) = 0, 
6ba + CDA = 0 ; 


and, since these two rectors neutralize each other, and have a 
common point, they are on the same straight line. Hence, 
A, D and B are in the same straight line. 


(6). Conversely, if a, /?, y are co-initial, complanar and ter- 
minate in the same straight line, and a, b, c have such values 
as to render , , ^ 

aa + 6)5 + cy = 0, 

then wid 

a 4- 6 + c = 0. 

For 

DA = a — y and ba = a — /3. 



GEOMETRIC ADDITIOK AND SUBTRACTION. 17 


But, by condition, 


or 


a — = a; (a — y) , 


(1 — a;) a — p + xy = 0, 

in whicb 

(1 — a’) — 1 + a; = 0. 


14. Examples. 

1. The extremities of the adjacent sides of a parallelogram 
and the middle point of the diagonal heticeen them lie in the same 
straight line, 

^ Fig. IS. 

Let OA = a, OB = /5, 00 = y. 

Then 

on = OB + BD, 

2y — ^ — a = 0. 

But, also, 2 — 1 — 1 = 

hence, b, c and a are in the same straight line (Art. 13). 

2. If two triangles,^ abc and smn (Fig. 19), are so situated 
that lines joining corresponding angles meet in a point,, as o, 
then the pairs of corresponding sides produced loill meet in three 
points,^ p, Q, R, which lie in the same straight line. 

Let OA = a, OB = yS, 00 = y. 

Then os = ma, om = n^,, 

ON = jay, BA = a — 

MS = ma — 
br = a? (a — P) and 
MR = 2/ {ma — n/3) . 

1st. BM = BR — MR, 
or 

njS - /5 = a? (a - /?) -y {ma - n/3), 

.*. n — 1 = — a; + y?i, x — my = 0. 

m (n — 1) 


Fig. 19. 
N 




Eliminating y 


m^n 
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Also 


OR 


= OB + BR = /? + a (a - i?) = /3 


m {n ^ 1 ) 
m — n 


(a-/?), 


whence 


OR = 


{m — 1) ^ — m (?i ~ 1) g 


— n 


(a) 


2d. CN = CP — NP, 

or 

py^y^v y)-io Oi/^-jpy)- 

jp — 1 =—'<; + — ^on = 0. 


Eliminating w 
Also 


« 0>-i) 

n — p 


OP = oc -f- CP = y + 'y ()5 — y) = y — 


(p-1) 

71 — p 




whence 


OP = 


p{n-l)y-n (p-1) /3 
n — p 


(i) 


3d. In the same manner, we obtain 

^ m (j)-l) a-p (m-1) y , s 

From (a), (6) and (c) we observe that, clearing of fractions, 
and multiplying (a) by — 1, (&) by m — 1, (c) by 7i — 1, and 
adding the three resulting equations, member by member, the 
collected coefficients of a, y, in the second member of the 
final equation, are separately equal to zero. Hence the first 
member 


OR (771 — a) (^9 —1) 4- OP (72 — p) (772—1) + OQ (jp — m) (w — 1) = 0. 
But 


(772 - 7l) (/) — 1) + (72 — P) (m — 1) + (p - 772) (71 - 1) =: Q. 
Hence, r, p and q are in the same straight line. 
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3. Given the relation 

Cla. -|“ -|- Cy =0. 

Then a, y are complanar ; but, if co-initial (as the}" may 
be made to be, since a vector is not changed by motion parallel 
to itself, Le, by translation 


Fig. 20. 


without rotation) , and a + 
& -i- c is not zero, the}" do 
not terminate in a straight 
line. Hence, if o is the ori- 
gin, and A, B, c, their ter- 
minal points, A, B and c 
are not collinear. Let these 
points be joined, forming 
the triangle abg (Fig. 20), 
and OA, OB, oc prolonged to 


segments of the sides, let 

OA'=a'=a;a, ob'=/3'= 2 //?, oc'=y'= 2 y, 



whence 


a 

a= 

X 


.=f; 


y=. 


Substituting these in succession in the given relation, 


V+ bl3 + cyr= 0, 

CCa -f- Cy = 0, 

da + H — y^~ 9, 

z 


whence, since a/ c, b are to be coUinear, 
— {- & + c = 0, 


20 


QUATERNIONS. 


and, for a like reason, 


Whence 


aj = — : 


6 + c 


and 


5-f-c 


CL •\ f“ C = 0, 

y 

d h — = 0 . 

% 


2/ = - 


i/ 


/5^= 


a + c 
6 


a + c 


/3, 


rt -|- & 








or, from the given relation, 


5)8 -f“ cy cy + aa + 5/? 

^ 5 + o’ c + a’ ^ rt-fZ?' 

Whence 

5 (a^-^) =c (y - a'), 

C (/3'-y)=a(a~)8')^ 

a(y-a) = 5(/?~y), 

and 

ba' __ c cb' _ a Ac' _ 5 

a'c 5’ b'a c’ c'b "" a’ 

or, multiplying, 

ba' . cb' . Ac' . = a'c • b'a . c'b. 


Ai* If 0 (Fig. 20) he any point, and abc any trionrjle, the 
transversals through o and the vertices divide the sides into seg- 
ments having the relation 

ba' . cb' . ac' . = a'c . b'a . c'b. 

Let a'c = a, bc = aa, cb'= /?, ca = 5^. Then ba = aa + 5^8. 
Also let 

Bo = ojbbJ oa = 2/a'a, bc'= 7?iba, cc'= zgo. 
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Then 

BO = ccbb' = X (bc -h cb') = X (aa - 1 - J 3 ) , * 

OA = ^a'a = y (a'c + ca) = 2/ (a+ &/?) , 

Bc'= mBA = m (aa + hp) , 

cc'= 2;co = 2 ! (CB + Bo) = 2! [— tta -f a; (aa + y/5)}. 
From the triangle boa we have 

BO -f- OA -j- AB = 0, 

X (aa -f /5) + 2/ (a + ~ &/? — aa = 0. 

aja4-2/"-a = 0, a? + 2/& — & = 0. 

Eliminating y _ & (1— a) 

1 — 5a * 

From the triangle bcc' 

BC + cc'-f c'b = 0, 

aa + 2 ! [— aa + ce (aa + /?)] — m (aa + 5/5) = 0, 


whence, as usual, and substituting the above value of a?, 


1 5(1- 

1 — m = 2 — j — 

or 

1 — m 
m 

Substituting for m, 5 and a 

c'a _ ab' ca' 
bc'^b'c ’ a'b' 

which is the requii-ed relation. 

5. If (Fig. 20) lines he 
draion through aJ bJ cJ and 
prod'iiced to meet the opposite 
sides of the triangle in p, q, 
R, then are p, q and r col- 
linear. 


1-5 
1 — a 


Fig. 20. 
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With the notation of the last example, 


Bc' = ^ - (aa + &/5) . 

c6 + 6 — 2 


1st. From the triangle c'ba' 
c'a'= c'b + ba' 

Also 

a'k = a;c'A'= a'g -f cii = a'g — y/?, 

[ (<• - 2) » - W - ■ - gg. 


BR = BC + CR = Cla /?. 

7) — 2 


2d. From the triangle g'ab' 

o'b'= c'a -H ab' 

= (1- m) (aa + h^) + (1- ?>) /3 

Also 

b'q = a'c'B'= b'c + CQ = b'c + 

^ a 1-7- 2 ~ ~ ~ ^ 

••• 2/ = -^’ 


; BC + CQ = (a + ?/) a = 


a'p = a;A'B'= a; (a + /3) , 
a'p = a'b + ni> = ( 1 — a) a + ?/ (aa + &/J) , 


3a. 
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and ^ 

BP = 2/BA = 2 {cia 4- hp) . (c) 

CL 0 

Multiplying the second members of (a), (&), (c), by (a— 1) 
(& — 2), — (a — 2) (6 — 1), (a — h) respectively, their sum is 
zero. Hence 

(a — 1) (6 — 2) BR — (a — 2) (6 — 1) BQ + (« — 5) bp = 0. 

But 

(a 1) (5 - 2) - (a - 2) (& - 1) + (a - 6) = 0. 

Hence r, <j and p are collinear. 


'6. If TO (Fig. 20) and po he produced to meet aa' and bc, 
then T and s are collinear icith c! A similar proposition would 
obtain for q and r. 

With the following notation, 


we have 


BA = tt, BA'= /?, BB'= CIO. -f- 5/?, 


BO = BA + Ab'+ b'o = BA'+ a'o, 

ot -f" h^ — (1 — ct) OL -f“ ^ (cia^-j- hjl) ^ y (fl> *“ /^) • 

a 


y = 


a + b 


also 


a + b 


Fig. 20. 
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. • U , 

1~ a 
1 — a 

Now to find bs, bc' and bt, we have 


Fig. 20. 



1st. 

BS = oj'ba' =: liV -f- ?y^PO, 




BS = - 


l-ib-a 

¥ 


2d. 




Q BC' = y'BA = BO 4- vw, 


BC = 


a a 


2a + h-^l 

3 d. bt = ba' 4 - a't = ba'-|- s= bp + r''pc, 

z'=^±Ji 


BT = 


a-b' 
bft ~ gq 
h — a 


Clearing of fractions and adding 

( 1 - 2 6 — a) BS + (2 a 4- — 1 ) bc^+ {b — a) bt = 0, 

as also 

(l~26~a) + (2a + 6-l) + (7>-f/) = 0. 
Hence s, c' and t are collinear. 


15. A medial vector is one drawn from tlio origin of t wo co- 
initial vectors to the middle point of tlie line joining their 
extremities. 
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Thus (Fig. 21), if p is the middle point of ab, op is a medial 
vector. To find an expression for it, let oa = a, ob = /?, then 


or, adding. 


OP = OA 4- AP = a + AP, 
op = OB 4- BP =:/3 — AP, 


OP = 


a4-/? 

2 


( 10 ). 


The signs in this expression will, of course, depend upon the 
original assumptions. Thus, if ao = a, 


OP = — a -f AP = /? — AP, 
./?-a 


OP: 


Fig. 21. 
0 


16. An Angle-Bisector is a line which bisects an angle. 

To find an expression for an angle-bi- 
sector as a vector, let OE = a (Fig. 21) 
and OF = be unit vectors along oa and 
OB. Complete the rhombus oedf. Since 
the diagonal of a rhombus bisects the 
angle, pn is a multiple of op. Now od 
= a 4- Z?? hence 


OV=zX{a-{-(3) 


( 11 ). 



In this expression op is of any length and x is indeterminate. 
If OP is limited, as by the line ab, then 


or 


Eliminating x 


AP = aj(a -f- ^) -- rta, 

AP = 2/AB = y{b^ — aa) , 
a;(a-f-^)--aa = 7/(6^ — aa), 

x-^a^ — ya and a; = yh. 

a 


(a) 


Substituting in (a) 


?/ = 


AP = 


a -i-h 
a 


AB 


a Hh ^ 


( 12 ). 
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17. Examples. 

1. If payxiUelogrcms, ivhose sides are j'^coxiUel to two given 
lilies^ he described upon each of the sides of a triangle as diago- 
nals^ the other diagonals loill intersect in a point. 


Fig. 23. 

A' A o 


yn 





c i> b' 


Let ABC (Fig. 22) be the given tri- 
angle. Let the diagonals b'f and a'd 
intersect in p, and suppose oe to meet 
a'd in some point as p! 

Let OA=a, ob'= / 3, whence oa'= 
??la, OB = n/?. 

Now 

li'p — DP = tt. (a) 

But 


b'p = 2/b'q = 2/ . i (b'c + b'b) (Art. 15) 

= iy [ma + (?!,-l)^]. 

And 

D p= zmi = « . |- (dc + ca') 

= i.?[(m-l)a-/5]. 


Substituting in (a), we obtain, as usual, 


Again 

But 


z 


2 (l-n) 

1 + 'nin — n 


op'— dp'= a -f /?• 


0P'= £COG = .'C . ^ (OA 4- OB) 
= (a 4- n ^) . 


(/^) 


Substituting in (h) this value of op' and dp'= we obtain 
as before, 

■y — i i — 

1 4 - — n^ 


Or, VDii == SDH = Dp'== DP. Hence, p and p' coincide, and 
the three diagonals meet in a point. 

2. A triangle can ahoays he constructed tohose sides are equal 
and parallel to the medials of any triangle. 
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In Fig. 23 we have 

aa'= ab + ba'= ab + -^BC. 
bb'= bc +iCA. 
cc'= CA + i^B. 

Aa'+ Bb'+ cc'= |■(AB^- BC + ca) = 0. (Art. 10). 

3. The angle-bisectors of a triangle meet in a point. 

Let a, y he unit vectors along bc, 

AC, ab (Fig. 23). 

Then (Art. 16) 

ap = a) (y 4- ^) , 

BP = ?/(a-y). (a) 

Now 

BC = AC — AB, 
aa =b^ — Cy (b) 


Fig. 23. 



where a, b, c are the lengths of the sides. 

Substituting a from (b) in (a) 1a 't* • ’ ^ ^ 

bp-^cy \ r 

— y} ^ 

We have also 

CP = AP — AC = fl3 (y + ^) — 

fbp-cy \ 

CP == BP + CB = ?/ ( ^ — y 1 4 cy — bl3. 

lie yb 

... x-b = --b. 


J'/T 

Ai i 


Eliminating y 


Substituting in (c) 


a 4 6 + c 




Hence (Art. 16)*^ is an angle-bisector. 
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18 . The Mean Point of any polygon is that to toliich the 
vector is the mean of the vectors to the angles. 

Hence, to find the mean point, add the vectors to the angles 
and divide by the number of the angles. Thus, if ai, ao, .... 
be the vectors to the angles, the vector to the mean point is 


a 


+ Oto “h 

n 


■ ■ (13), 


where n is the number of the angles. 

The mean point of a polyedron is similarly defined. It co- 
incides in either case, as will appear later, with the center ol‘ 
gi’avity of a system of equal particles situated at the vertices 
of the polygon or polyedron. 

Examples. 

1, The mean point of a tetraedron is the mean point of the 
tetraedron formed by joining the mean points of the faces. 

Let (Fig. 24) OA = a, 00 = 

y. The vectors from o to the mean 
points of the faces are 

i (a + /? + y), 

J (a + y), 

(a + /5), 

Uy+^)^ 



and that to the mean point of the tetraedron formed by joining 
them is 


a + /3 + y a-t-/? a-f-y 
3 "^3^3 


y+^ 

3 


= i (^ + /® + y)» 


which is the vector to the mean point of oauc. 

The same is true of the tetraedron formed by joining the mean 
points of the edges ab, bc and ca with o, since 


a + /3 
2 


/3 + y , 

O I 


a + y 
2 


= H“+^+r)- 
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The above is, of course, independent of the origin, and would 
be true were o not taken at one of the vertices. 

2. The intersection of the bisectors of the sides of a quadri- 
lateral is the mean ;poinL 


Let (Fig. 25) oa = a, ob = /5, oc = y, 
od = 8, OR = p. Then (Art. 15) 

p =: i (of -f- oe) 

= i[-H“ + S)+-Hy+i8)] 

= -4- (a + /? 4 - y -h ^) • 



If o is at A, then oa = a = 0, and 

3. If the sides {in order) of a quadrilateral be divided j)ropor- 
tionately^ and a new quadrilateral formed by joining the points 
of division^ then loill both quadrilaterals have the same mean 
point. 

Let a, /?, y, 8 be the vectors to the vertices of the given 
quadrilateral, from any initial point o. • 

Then, for the vector to the mean point, we have 

i(a + iS + y + S). 

If m be the given ratio, and a\ /?! yj B’ the vectors to the ver- 
tices of the second quadrilateral, then 

a'=: a + m (/3 — a) = (1— m) a + 

/3'= ( 1 — m) /? + wiy, 

y'= (1 — m)y + 7718 , 

=: a + ( 1 — m) (8 — a) = 8 — m {B — a) ; 

whence 

7'+ + r + 8)- 
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4, In any quadrilateral ^ ])lane or gauche^ the middle imint 
of the bisector of the diagonals is the mean jgoint. 

Let (Fig. 26) oa = a, ob = /?, oc = 7 , os = 4y* 

Q Then (Art. lo) 

OP = (oQ + os) 

= (‘^ + /5)-f ly] 

= i -h y) . 

5. If the tivo opposite sides of a quadrilateral he divided p>ro- 
portionately ^ and the points of division joined^ the mean points 
of the three quadrilaterals toill lie in the same straight line. 

Let cj a' (Fig. 27) ho the points 
of division, and m the given ratio. 
Then, if OA = a, bc = 7, (>A'=wa, 
c'c = wy, AB = /3 and o is tlie in- 
itial point, the vectors to the moan 
points p, pj p ' are 

OP = ;|‘(3a-{-2j8-4"y)' 

op' = i [ {m -f- 2) a + 2 ^ + (2 — 7n) y] , 

op"= i[(?n -{-3)a + 2/J+(l-m) y] ; 

P''p=’|(v-a). 

Therefore, pJ pJ^ p are in the same straight line* 

20. Exercises. 

1 . The diagonals of a parallelepiped bisect each other. 

2. In Fig. 58, show that bg and ch are parallel. 

3. If the adjacent sides of a (][uadrilateral be divided propoK 
tionately, the line joining the points of division is parallel to the 
diagonal joining their extremities. 


Fig. 27. 

0 d B 



Fig. 26 . 
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4. The medial to the base of an isosceles triangle is an angle- 
bisector. 

V 5. In any right-angled tiiangle abc (Fig. 58), the lines bk, 
CF, AL meet in a point. 

6. An}^ angle-Msector of a triangle divides the opposite side 
into segments proportional to the other two sides. 

7. The line joining the middle point of the side of an}" paral- 


lelogi’am with one of its opposite angles,, and the diagonal which 
it intersects, trisect each other. 


8. If the middle points of the sides of any quadrilateral be 
joined in succession, the resulting figure will be a parallelogi*am 


with the same mean point. 

Y 9. The intersections of the bisectors of the exterior angles 


of any triangle with the opposite sides are in the same straight 


line. 


10. If AB be the common base of two triangles whose vertices 
are c and b, and lines be drawn from any point e of the base 
parallel to ad and ac intersecting bd and bc in f and o, then is 
FG parallel to do. 



CHAPTER IL 


Multiplication and Division of Vectors, or Geometric Multipli- 
cation and Division. 


21. Elements of a Quaternion. 

The quotient of Uco vectors Is called a. Quaternion. 

^Yo tire now to see what is meant 1)}' the (luotiout of two 
vectors, and what are its elements. 

Let a and 13' (Kig* he two vec- 
, tors drawn from o and o' respective! v 

and not lying in tlu^ same [)lane ; and 
let their quotient he designated in tiu^ 

o^-^— J- T, I'.V J,. 

\ ' 

Whatever their relative positions, we 

<)'' j{' may always conceive that one of theses 

vectors, as /?; may l)i‘ mov(‘d i)tiriillel 

to itself so that the point o' shall move over the line o'o to o. 

The vectors will then lie in the same plane. Since neitluir the 

length or direction of /3' has heen changed during this [)arallel 

motion, we have /? = and the quotient of an^^ t,wo vectors, n, 

/3; will be the same as that of tw’o equal co-initial vectors, us a 

and /?. AVe are then to determine the ratio in which a and /i 

lie in the same plane and have a common origin o. 

AYhatever the nature of this (piotient, w'c are to ri‘gard it as 
some factor wliich operating on the divisor produces the dividend^ 
i.e. causes /? to coincide with a in direction and length, so that 
if this quotient be we shall have, by dehnition, 

,2 whoa ^=(j (14). 
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If at the point o' we suppose a vector o'c = y to be drawn, 
not parallel to the plane aob, and that this vector be moved as 
before, so that o' falls at o, the plane which, after this motion^ 
y will determine with a, will differ from the plane of a and /?, so 
that if the quotient 



q and q' will differ because their planes differ. Hence we con- 
clude that the quotients q and g' cannot be the same if a, /5 and 
y are not parallel to one plane, and therefore that the position 
of the plane of a and /5 must enter into our conception of the 
quotient g. 

Again, if y be a vector o'c, parallel to the plane aob, but 
differing as a vector from /SJ then when moved, as before, into 
* the plane aob, it will make with a an angle other than boa. 
Hence the angle between a and yd must also enter into our con- 
ception of g. This is not only true as regards the magnitude, of 
the angle, but also its direction. If, for example, y have such a 
direction that, when moved into the plane aob, it lies on the 
other side of a, so that aoc on the left of a is equal to aob, then 


the quotient q\ of in operating on y to produce a must turn y 

y 

in a direction opposite to that in which (/ = J turns ^ to produce ‘ 

tt. Therefore g and g' will differ unless the angles between the 
vector dividend and divisor are in each the same, both as regards 
magnitude and direction of rotation. Of the two angles through 
which one vector may be turned so as to coincide with the other 
is meant the lesser, and it will therefore, generally, be < 180? 


Finally, if the lengths of yd and y differ, then ^ ^ still 

differ from ~ = g'. Thei^efore the ratio of the lengths of the vec- 

y 


tors must also enter into the conception of g. 

Wo have thus found the quotient g, regarded as an operator 
which changes /d into a, to depend upon the plane of the vectors, 
the angle between them and the ratio of their lengths. Since 
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two angles are requisite to fix a plane, it is evident that q 
depends upon four elements, and performs tiro distinct opera- 
tions : 

1st. A stretching (or shortening) of /5, so as to make it of 
the same length as a ; 

2d. A turning of /5, so as to cause it to coincide with a in 
direction, 

the order of these two operations being a matter of indiifer- 



ence. 

Of the four elements, the turning operation di‘pends upon 
three ; two angles to tlx the plane of rotation, and one angU* to 
fix the amount of rotali(m in that 
Fig. 2 s. plane. The stret-(*hing opin-ation de- 

pends only upon tlu‘ remaining one, 
f.c., upon the ratio of the vi‘c1or 
lengths. As depending upon four 
elements we oliservi* on(‘ reason for 
calling q a quaternion. The two ope- 
rations of which^ is the sym]»ol ])i*ing 
entirely independent of eaih other, a 
quaternion is a Qomjolox quautifif, deconqiosable, as will be 
seen, into two factors, one of which stretches or shortens the 
vector divisor so that its length sliall (‘qual that- <^f the vialor 
dividend, and is a signless number called the TiOistN' of tho 
quaternion ; tho other turns the ^'ector divisc rr so that it shall 
coincide with the vector dividemd, and is therefore callcMl the 
Yersor of the quaternion. These l*actor.s a,rc‘ symbolically re} ire- 
seated by Tq and read tensor of and versor of qf 
and q may be wi'itten 

q = Tq . He/. 


22. An equality between two quaterniona may bo defined di- 
rectly from tho foregoing considerations. 

If the plane of a and fi be moved parallel to itsefif ; or if th(‘ 
angle aob (Fig. 28), remaining constant in magnitude and c’sti- 
mated in tlie same direction, be rotated about an axis through o 
perpendicular to the plane ; or the absolute lengths of a and /3 
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vai' 3 " so that their ratio remains constant, q will remain the same. 

Hence if , 

-- = g and -7= q[ 

/S ^ /S' 

then will 


when 

1st. The vector lengths are in the same ratio, and 
2d. The vectors are in the same or x^ctrallel planes, and 
3d. The vectors make loith each other the same angle both as 
to magnitude and db'ection. 

The plane of the vectors and the angle between them are 
called, respectively, the plane and angle of the quaternion, and 


the expression a geometric fraction or quotient. It is to be 

observed that q has been regarded as the operator on /?, produc- 
ing a. This must be constantl}’ borne in mind, for it will sub- 
sequently appear that if 'we write = a to express the operation 
by which g converts into a, q^ and /?g will not in general be 
equal. 


23 . Since g, in operating upon ^ to produce a, must not only 
turn /3 through a definite angle but also in a definite direction, 
some convention defining positive and negative rotation with 
reference to an axis is necessaiy. 

By positive rotation with reference to an axis is meant left- 
handed rotation when the direction of the axis is from the plane 
of rotation towards the eye of a person who stands on the axis 
facing the plane of rotation. 

[If the direction of the axis is regarded as from the eye 
towards the plane of rotation, positive rotation is righthanded. 
Thus, in facing the dial of a watch, the motion of the hands is 
positive rotation relativel}^ to an axis from the eye towards the 
dial. For an axis pointing from the dial to the e^^e, the motion 
of the nands is negative rotation. Or again, the rotation of the 
earth from west to east is negative relative to an axis from north 
to south, but positive relative to an axis from south to north.] 

On the above assumption, if a person stand on the axis, fac- 
ing the positive direction of z’otation, the positive direction of 
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Fig. 31 (his). 



the axis will always be from the place whore he stands towards 
the left. 

If ?, k, j (Fig. 31) be three axes at right angles to each other, 
with directions as indicated in the 
figure, then positive rotation is from i 
to from j to 7t, and IVom k to i, rela- 
tivel}' to the axes k\ j respectively. 
A precisely opposite assumption W'ould 
be equally proper. The alcove is in 
accordance with the usual method of 
estimating positive angles in Trigo- 
nometry and Mechanics. 

24 . Let OA. and on (Fig. 20) be any 
two co-initial vectors whose lengths are a and a and ft being 
unit vectors along oa and ob, so that 

OA = rftt, 

on = hft. 

Let the angle boa between the 
vectors be rcqn'esenled by ; also 
draw AO perpendicular to on, and 
let the unit vector along oa ])e d 
The tensor of od is evidently 
acos<^ and that of i>a IT 

we assume that, as in Algebra, geometrical quotients whi(‘h 
have a common divisor are added and sul'jtracted by adding and 
subtracting the numerators over the common denominator, so 
that 



then, since 


a -I 7_ g ± 7 
OA = OD -I- DA, 


OA _ OD -f DA OD DA 
OB OB "" OB OB 

_ a cos<^ ,ft a sin<^ • S 
“ h. ft “ V. ft 

_ r/Zcosc^ . ft sin<l> . S\ 

-lA p —r~ )' 


we have 
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Wc have already defined (Art. 8) the quotient of two parallel 
vectors as a scalar, and in the first term of the parenthesis, fi 


being a unit vector, „ “ 

r 


2£=:^(^cos <?[>-{- sin . |Y 

03 b\ pj 


{a) 



right angles to each other. This quotient is to be regarded, as 
before, as a factor which, operating on the divisor produces 
S, ^.e., turns P left-handed through an angle of 90° ; and this 
quotient must designate the plane of rotation and the direction 
of rotation. If we define the effect of an}" unit vector, operating 
as a multiplier upon another at right angles to it, to be the turn- 
ing of the latter in a positive direction through an angle of 90° 
in a plane perpendicular to the operator, then the unit vector €, 
drawn from o perpendicular to the plane of 8 and /?, and in the 
direction indicated in the figure, will be the factor which oper- 
ating on p produces 8, and 

£/3 = S or ^ = e. 

The unit vector e, as an axis, determines the plane of rotation ; 
its direction determines the direction of rotation, and by defini- 
tion its rotating effect extends tlu’ough an angle of 90° ; as a 
quotient, therefore, it completely determines the operator which 
changes /? into 8. Equation (a) thus becomes 


— = ^ (cos ^ -t- € sin <i >) , 

OB h 

or, if OA. and ob be themselves denoted by a and and the ten- 
sors of o and jS b}’’ Ta and T^, 
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in which — is the tensor of being the ratio of the vector 

lengths, and cos <^-{-6 siii<^ is the versor of q, its plane, deter- 
mined by the axis €, and angle ^ being the plane and angle of 
the quaternion. 

Tfjt 

When a and /3 are of the same length, or Ttt=T/?, 

and the effect of as a factor, or operator, is simply one of 
version. 

Like T, the symbol U is one of operation, indicating the oper- 
ation of taking the versor, so tha,t 


% = cos ^ -I- € sin (f>. 


Fii?. 20. 


This operation takes into account but one of the two distinct 
acts which we have seen the (iiioticnt q must perform, as an 
agent converting p into a, namely, the act of vc‘rsion ; it thus 
eliminates the quantitative element of length. In this respect it 

is similar to the reduction of ti vec- 
tor to its unit of length, an opera- 
tion which also eliminates this same 
element of length, and lias ])een 
designated by the same symbol XT* 
When a and (i are at right angles 
to each other, = 90',' and the v(‘r- 
sor cos -f € sin reduces to tlie 
unit vector e, which has been de- 
fined, as an operator, to be a versor turning a, line at I'ight 
angles to it through an angle 90i*' Any vector, thorefoiHS as a, 
contains, in its unit vector in the same direc’tion, a versor 
clement or factor of which Ua is the symbol, U indicating the 
reduction of a to its unit of length or the taking of its versor 
factor. Hence the appellation versor of a (Art. 7). 

If in Equation (lo) the vectors be reduced to the unit of 
length, 



U/3 ^ 


:U 


/3 
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25 . AVe may now express the relation 

1 = 1^ (cos ^ + £ sin <^) = q (Eq. 15) 

in the symbolic notation 

4 (“)■ 

q = Tq.Vq] 


and say that the quotient of two vectors is the product of a tensor 
and a versor; and that 

1st. The tensor of the quotient^ 
tensors; 

2d. The versor of the quotient^ (cos<^+ € sin<ji>), is the cosine 
of the contained angle plus the product of its sine and a unit 
vector^ at right angles to their plane and such that the rotation 
ichich causes the divisor to coincide in direction zvith the dividend 
shall be positive. 


[—], is the ratio of their 

\w 


Fig. 30. 


26 . If, for - = we write ^ = q\ it is evident that f differs 

p a 

from q both in the act of tension and ver- 
sion ; the tensor of f being the reciprocal 
of the tensor of g, and the unit vector c, 
while still parallel to its former position, 
is reversed in direction (Art. 23) since 
the direction of rotation is reversed (Fig. 

30). Hence 

^ (cos — € sin <i>) 

a Hia 



^ is called the reciprocal of % As already remarked, the 
a p 

positive direction of € is a matter of choice. It is only neces- 

IS 

sarv that if we have -f e in U-, we must have — e in Ul, or 

P a 

conversely. 
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27 . Let j, k (Fig. 31) represent unit vectors at right angles 
to each other. The effect of an}' unit vector acting as a multi- 
plier upon another at right angles to it, 
has been defined (Art. 24) to be the 



turning of the latter in a positive direc- 
tion in a plane perpendicular to the ope- 
rator or multiplier through an angle of 
90? Thus, i operating on J produces k. 
This operation is called multiplica- 
tion, and the result the product, and is 
expressed as usual 

(/==^‘ (18). 


The quotient of two vectors being a factor which converts 
the divisor into the dividend, we have also 



either the product or quotient of Uvo unit vectors at right angles to 
each other being a unit vector perpendicular to their plane. 

This multiplication is evidently not that of algebra ; it is a 
revolution, which for rectangular vectoi's extends through 1)0? 
Nor is Zj in Equation (18) a numerical product, nor i in Equa- 
tion (19) a numerical quotient. This kind of multiplication and 
division is called geometne. 

In accordance with the above definition we may write the fol- 
lowing equations : , v 

ij^k 

J 

jk=i i=j 



^ i ' I 


hj =s — i — ^ = h 

J 
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ik = — 
i{-j) =-7c 

j(^i)==7c 

Since the effect of z, A;, j as operators is to turn a line from one 
direction into another which differs from it by 90° they are 
called quadmntal versors, 

28 , Since 

ixj^lc and i x = — lx/, 

we have 

^X^Xi = -lXJf, 
or 

i X i = — 1. 

We may denote the continued use of i as an operator by an 
exponent which indicates the number of times it is so used. 
This is consistent with the meaning of an exponent in algebraic 
notation. In both cases it denotes the number of times the 
operator is used, in one instance as a numerical factor, in the 
other as a versor. Thus 

jjiii = ; 2 ill = L, etc. 

jj r 



» 


In conformity to this notation the above equation becomes 

( 21 ), 
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and in a similar manner, 




Hence tlie square of a unit vector — 1. 

The meaning of the word “ square ” is more general than that 
which it possesses in Algebra, as was that of the word “ product” 
in Art. 27. The propriet}’ of this ex- 
tension of meaning lies in the fact that 
for certain special cases, the processes 
al)ove defined reduce to the usual alge- 
braic processes to which these terms 
were originally restricted. The conclu- 
sion = — 1 is seen to follow directly 
from the definition, since if i operat(‘s 
twice in succession on cither ± J or ± 7r, 
it turns the vector, in either case suc- 
cessively through two right angles, so 
that after the operation it points in the opposite direction. A 
similar reversal would have resulted if the minus sign had been 
written before the vector. Thus ~ ( ± J) = T Hence i x 
or P, as an operator, has the effect of the minus sign in revers- 
* ing the direction of a line. 


Fi<?. 31. 
0 



29. It is to be observed that so long as the cyclical order ? , j, 
i,j^ Ic^ 7, .... is maintained, the product of any two of these 
three vectors gives the third ; thus 

A/*, Jk == i, Jci = 5 

and therefore 

(ij)kz=kk = k-=-l, 

(jk) i = U = r = — 1 , 

=/ = -“ 1 ; 

i{jk) = U = r'= — 1 , 

.;(7c0=j(/ = .f=-l, 

mi) =7,7c = 7t“=-l, 


as also 
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lienee 

i{jk) = 
j(lci) = (Jk)i, 

^ (i/) = 


which involves the Associative laze. 

We may therefore omit the parentheses and write 

ijk=:jki=ikij== — l (23), 

or, the continued product of three rectangidar unit vectors is the 
same so long as the cyclical order is maintained. 

But 

= .... (24), 

or, a change in the cyclical order reverses the sign of the product. 

'~f30. In Equation (24) we have assumed that 
7c(~7t‘) = ~H*. 

That this is the ease appears from the fact that i operating on 
— produces — A;, or 

and that the same result would be obtained by operating with i 
on producing A:, and then reversing k. That is, to turn the 
negative, or reverse, of a vector through a right angle, is the 
same as turning the vector through a right angle and then re- 
versing it. The negative sign is^ therefore, commutative loith 7, 
A;, or 

= (25). 

31. It follows directly from the definition of multiplication, 
as applied to rectangular unit vectors, that the commutative prop- 
erty of algebraic factors does not hold good. For 


m 


but 


m 


ji = — k. 
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Hence, to change the order of the factors is to reverse the sign 
of the product. The operator is always written first ; and, since 
the order cannot he changed without affecting the result, in 
reading such an expression as ij = /o, this soqueneo of the factors 
must he indicated hy saying ‘‘ i into J 
equals 7b” and not ‘‘ i multiplied hy j 
j equals hf the latter not being time. 

Hence also the conception of a quo- 
tient as a factor recpiircs a similar dis- 
tinction, which in Algebra is unneces- 

/ ^ ^ 
sary. In the latter, from r = 

1 ^ 

1 have, indifferently, ah = c and ha = c. 

But from - = /, while ij = h is true, 

j 

ji^k is not true. In expressing thei'cfore the relations be- 
tween j and k by multiplication instead of division, care must 
ho taken to conform to the definition, the quotient being used 
as the multiplier or operator on the divisor. This non-com- 
mutative property of rectangular unit vectors, which results 
directly from the primary definition of the operation of multipli- 
cation, will he seen hereafter to extend to vectors in general 
and to quaternions, whose multiplication is not commutative 
except in special cases. 

The quotient then being a factor which operates on the divisor 
to produce the dividend, we have 

-i=k, that is, \/'=h . . . . (20), 

j' / 

the cancelling being performed by an upward right-handed stroke. 
= k is not true, for this would involve if 


32 , It follows also that the directions of rotation of a fraction, 
as \ and its reciprocal are opposite. Thus 

{ = -t ... , ( 27 ), 

1 i ^ 
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and therefore that the reciprocal of the quotient i is — i, or 


i 


(28); 


that is, the recqorocal of a unit vector is the vector reversed. This 
may be written 

i = = (29), 


the exponent denoting that, as a factor or versor, t is used once, 
while the minus sign before the exponent indicates a reversal in 
the direction of rotation. 


33. If a be any unit vector, we obtain from the preceding 


Article 

a i = a ( — a) 


a 


== — CCl = — ( 

But 


hence 

1 1 


— a=a- 
a a 


(30), 


or, a unit vector and its reciprocal are commutative and their 
product plus unity. 

If a is not a unit vector, 

a = TaUa, 

i=:— L-__J_Ua . . . 

a TaUa Ta 


. (31), 


the tensor of the reciprocal of a vector being the reciprocal of its 
tensor. ^ 

It must be carefully observed that a fraction, as cannot be 

written indifferently or for this would involve 


which is not true. 
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definition A* ( — i) = — or = y. Hence, 

or ki'^. From the meaning attached to the ordinary 

i i 

notation of algebra, , , 

(a) 

i i 


would appear to be correct ; for, cancelling, we have k = k, 
k 1 

Whereas, since - must be WTitten A*-, we should have 

i i 


iki”'^ [ = — /7a] = / [ = A;] 

or 


which is not true. Of course that equation (a) is false is 
directly evident from the fact that 


Fifc^ 31 



^ and (a) involves ( ( — ,/) = ( — ./ ) / 

7. 

or The above, however, shows 

that, as cancelling must bo performed 
b3' an upward righuhanded stroke 
when the expression is in the form of 
a quotient or fraction, so when ex- 
pressed in the form of multiplication, 
the cancelled factors must be (idjaamt. 
In such an expression as 

= - i '-'’ 0 "*= i / = - 1 (^>) 


it might be supposed permissible to write also 



(0 


since in either ease the corrc‘ct result is obtained. This ans<*s, 
however, from the fact that lioth the fractions in the first mem- 
ber of (h) are equal to A', and therefore may be permuted so as 

to read A;^‘ = ^ = — 1. The process of (c) is, how- 
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ever, illegitimate, and the result is correct, not because the 
process is so, but because the factors are in this case commu- 
tative. 


34 . Since the act of tension is independent of that of version, 
and their order is immaterial, 


xi .yj^xy .ijz=zyx . . . . ( 3 “ 2 ), 

where x and y are any two scalars and xy = z. Hence the com- 
mutative principle applies to tensors. If then a, y are in the 
direction of z, j and k respectively, and a, &, c are their tensors, 

a/3 = TaT^ • ij ah » 

ay = TaTy • = — ac » J, etc.. 


or, the product of any two rectangular vectors is the product of 
their tensors and a unit vector at right angles to their plane. 

So also 

a Ta . i ^ ^ 


a 

7 


Ta > i 
Ty * k 


= —J, etc. , 
c 


or, the quotient of two rectangular vectors is the quotient of their 
tensors times a unit vector at right angles to their plane. 


35 . If, as above, a = a/, then 

aa = a?*.a?, 

a2 = rri2, 

a2 = -r/2 (33). 

Hence, the sqxtare of my motor is minus the square of its tensor. 
Since Ta = a is the ratio of the lengths of a and Ua, the square 
of any motor is the square of the oorresponding Zme, regarded as 
a length or distance only, with its sign ohanged. 

If ai = a and U = 

a/i = ahi’ = ^ ah. 
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36. That the multiplication of rectangular vectors is a dis- 


Fiis, 3 - 2 . 



tribiitive operation may be seen 
directly from Fig. 32 by ob- 
serving that 

^ (./ + = iJ 4* (34) , 

i being perpendicular to and in 
front of the plane of the paper. 


37. Exercises in the transformations of ,/, k : 


1. 

j{-i)=k. 

2. 

K-^ = 

3. 


4. 

k (-()== 

5. 

-k{j)=i. 

C. 

(-70/ = 

7. 


8. 


9. 

(-,;•) (-0 = 

10. (_0 (-;•) = 

11. 

J == 

12. 



— i 


i 

13. 

— Ic 

14. 



j ^ 


7c 

15. 

J 

IG. 

7y_ . 
j 


— k 


17. 

1= 

18. 

7y_ 


i 


J 

19. 

ik_ 

20. 

7c _ 


j 


i) 

21. 

k^ 

22. 

11 


fi 


J 1 

23. 

ijk 

24. 

II 


25. Is it correct to write, in general, the product of any frac- 
tions, as - . in the form — ? 

J J . JJ 

2<>. State whether . '2 = is correct or not, and why. 
k i 7a 

27. i\j'k- = --(iJky. 
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1 . Resuming Equation (15), 




the quaternion q was shown (Art. 25) to be the product of a 
tensor and a versor. It ma}’ also be regarded as the sum of two 
parts, the first of which 


1 ^ ^ 
LT^ 


is a scalar, whose sign is 


that of the cosine of the angle (^) between the vectors, while the 
'Ta 


second 


Lt^ 


sin 


is a vector at right angles to their plane, 


whose sign depends upon the direction of rotation of the fraction 

(35), 


This may be expressed symbolical!}" in the notation 




so that we have both 
and 


q = TqVq 
g = + Vg. 


The second member of this last equation is read “ scalar of g 
plus vector of q” Sg and Vg being respectively symbols for the 
scalar and vector parts of the quaternion. As already explained 
in the case of the symbol S, V is a symbol of operation, denoting 
the operation of taking the vector terms of the expression before 
which it is written. 

The quotient of two vectors is, therefore, the sum of a scalar 
and a vector. 

The scalar of the quotient 
tensors times the cosine of the contained angle. The te^isor of 


S? = ^cos<^ 
_ T/S 


is the ratio of the 


the vector part 


TVg 


= 5 ^ smi]i 


is the ratio of the tensors times 


the sine of the contained angle. The versor of the vector part 
CUV3 = .]is a unit vector perpendicular to their plane,, having a 
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direction such that the direction of rotation of the divisor is posU 
tive or left-handed. 

Letting a and h be the tensors of a and /?, and collecting the 
preceding expressions for facility of reference, we have 

■Ug=cos<^-|-€sin ^ 

S5' = 5 QOS(f> 

0 

Vg=5 sin<;fc • € 
b 

TV^=2 sin<^ 

h 

UVg~e 
SU^==cos <jE> 

VU< 2 =sin ^ • € 

TVUg=:sin<^ 

These expressions require no further explanation than tlnit 
derived from a simple inspection of Equation (15) in connection 
with the meaning already assigned to T, U, S and V as symbols 
of operation. 

39. De Moxvre*s Formula. 

The following considerations will explain why the parenthesis 
(cos< 3 f> 4 -€sin<jE>) as a versor turns [S left-handed through an 
angle <^. They also contain the quaternion interpretation of 
imaginary quantities. 

Let V = sin ^ and ^ = cos 

Differentiating, 

dv = cos ^ dz = — sin 



or 


dv = 

dz =s — vd<l>> 


(a) 

(&) 
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Multipl 3 Tng (a) by V—l, and adding the result to (6), 

cZsJ + dy .V— 1=(— 1) d<^, 
ds + du . V— 1 = (v V— 1 + z) d<^, 
cZ(2?-4-'?;V— 1) 


or 

whence 


z -b o^f—l 

which may be written 
or 

whence 


-=d(5f> . V^, 


(c) 


l=e'^ 

cos<;^ + sm<jt> • V— 1= (d) 

cos m<^ -f sin , V — 1 = (e) 

But we have from (d) 

(cos <l> + sin (/) 

and therefore, from (e) and (/), 

(cos<5^> + sin0 . V^)”^=cosm<;(> + smw<^ • V— 1 ( 37 ), 


which is the well-known formula of De Moivre. 

This formula may be made the basis of a system of analytical 
trigonometry. Thus, for example, to deduce the formulae for 
the sine and cosine of the sum of two angles, we have from (d) 

cos<^ + sin<^ V — 1 = 
cos (? + sin ^ V^= 


Multiplying member by member, 

cos<^ cos^ + cos^ sin6 . V—1 + cos^ sin<^ • V— 1 — 
sin</> sin^ = 

But from De Moivre’s formula 

cos (.^ + ^) + sia(<^ + ^) V^= 


( 9 ) 

(/O 
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Equating the first members of (g) and (h ) , since in any equa- 
tion between real and imaginary quantities these are separatel}” 
equal in the two members, we ha%"e 

cos -H </>) = cos 0 cos 0 ~ sin 0 sin <f>» 
sin -1- <j!)) = sin $ cos <j> -f- cos 0 sin <^. 


These formulae, while they may be of course demonstrated 
independently of De Moivre’s formula, are here deduced from 
imaginary expressions. It would therefore appear that these 
expressions admit of a logical interpretation. 

If any positive quantity be multiplied by (V — 1)“ the re- 
sult is — m. That is, in accordance with the geometrical inter- 
pretation of the minus sign, we may regard the above factor 
as having turned the linear representative of w about 
the origin through an angle of 180! If, instead of multiplying 
m by (V— 1)^ we multiply it by V—1, we may infer from 
analogy that the line m has been turned through an angle of DO® 

about the origin. If, too, wc ob- 
serve that each of the four expres- 
sions 



m. 


1 , — 




-m 




is obtained from the preceding by 
multiplying by the factor V^, they 
may be regarded as denoting in 
order a distance m 07i the co-ordi- 
nate axes OX, OX, OX/ OX' 
(Pig. 33), V~1 being, as a factor, 
a versor turning a line left-handed through a quadrant. These 
expressions therefore locate a point on the axes, both as to dis- 
tance and direction from the origin. 

vSince every imaginary expression can be reduced to the form 
± a ± b V — 1, we may, in aecoi'dance with the above interpre- 
tation of V^l, regard such an expression as defining the posi- 
tion of a point out of the axes. Thus oa a (Fig. 34) aud 
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AP = ^ right angles to oa since h is multiplied 

by V — 1 ; so that in passing over oa and ap in succession we 
reach the point p. It is also evident that such an expression 
implicitty fixes the position of p b}" 
polar co-ordinates, since Va^ + &- = op 

and tan poa = - . In like manner 
a 

— 6 + a V — 1 would locate a point pJ 
oa! having a length = a, but laid off 
perpendicular to oa, since is a 

factor, and a'p'= -- h. As before, 
we have implicitly op' = -f- 5^ and 

tan p'oA = 

0 

Furthermore, if we operate on the 
first expression, a + 1, which fixes the point p, with 

V—1, we obtain the second, — &-i-aV— 1, or as a 

factor turns op ttu'ough 90® so as to make it coincide with 
op! As an operator, therefore, we may regard V—l, like 2 , J, 
Zu", as a quadrantal versor, turning a line through a quadi'ant 
in a positive direction. Algebraically it denotes an impossible 
operation. (In Algebra quantities are laid off on the same 
line in two opposite directions, + and — . It was because quan- 
tities are so estimated only in Algebra that Sir W. Hamilton 
called it the Science of Pure Time, since time can be estimated 
only into the future or the past.) But it is unreal or imaginary 
onl}" in an algebraic sense. If the restrictions imposed by Al- 
gebra are removed, by enlarging our idea of quantity and at the 
same time modifying the operations to which it is subjected, this 
imaginary character disappears. In appl}ung the old nomen- 
clature to these new modifications, it will be seen that the prin- 
ciple of permanence is observed, i.e., the new meaning of terms 
is an extension of the old ; and when the new complex quantities 
reduce to those of Algebra, the new operations become identical 
with the old. 

If now we operate upon 


Fig. 34. 
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which, if we regard a = OA (Fig. 85) and 5V— 1=ap as 
vectors, is equivalent to with the 
expression 


Fig. 35. 



1 


cos<^ + sin<^ . V— 1 ^ 


f 

of De ,Moivre*s forpaula, we obtain w/" 


. (ct ] 

a iiosc^— b sin <^4- V — 1 


(a sin </) -f 


b cos<^). 


Draw OX' so that X'OX = ^ ; also 
pa'' and al perpendicular and as par- 
allel to OXl Then 


a"l=:oa;' 


a cos — 6 sin <^ = ol 
a sin <!>-[- b cos <3!) = la -1- sp = a"p 


Make oa'= oa," and lay off a'p'= a"p perpendicular to OX, 
since it has V — 1 as a factor ; then 

{a cos <3!) — 5 sin <^) 4- V “ 1 ((i sin <;(>-}- 5 cos <j>) =5 OA'-f a'p's= op,' 

and p'op = <l>. 

But the formulae for passing fi'om a set of rectangular axes 
OX, OF, to another rectangular set OX’, OY', are 

X = x'eos <j> -j- y’sin 
y = ?/'cos — aj'sin <jf>, 

in which XOX'= <35>, a; = OA, ?/ = ap, x’=oa'' ?/'=1'a," or 

OA = OK -f- KA, 

AP = NP — a "1 v . 


a"k being perpendicular and a"n parallel to OX. 

Hence the elfect ol’ the operator has been to turn op left- 
handed through an angle <^, which is equivalent to turning the 
axes right-handed through the same angle. 
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-f-1, — 1 and V— 1 are particular cases of the general versor 
cos < 5 ^) -f- sin <^ . V — 1 , 

namely, when (f> is 0° 180° and 90° respectively, + 1 preserv- 
ing, —1 reversing and V— 1 semi-inverting the line operated 
upon. 

, We may now see the meaning of De Moivre’s formula 

(cos + sin • V— 1 )”‘ = cos m(/> + sin . V — 1 . 

As operators, the first member turns a line through an angle <j> 
successively m times, while the second member turns it through m 
times this angle once^ producing the same result. The expressions 
cos 4- sin ^ . V — 1 and cos ^ 4- sin (^ . e are identical, except 
that in the latter the plane of rotation is not indeterminate, 
being perpendicular to €, V— 1 being any unit vector loith in- 
determinate direction in space. 

Equation (37) may be put under the form 

cos m (2 Trn 4- <^) -b sin m (2 7r?i 4- <^) . V — 1 = [cos (2 7ni -f <)5>) 4- 
sin (2 7rn + <^) . V— 1]”". 

In the second member if <^ == 0 and m = J, we have for all 
integral values of n, while the first member for ?i = 0, ?i = l, 
m = 2 becomes 1, -i-'f V^, the three 

roots of unity. 

In the same way for m = 

1, 

-1, 

the six roots of unity. The real roots lie on the axis, along 
which direction is assumed plus and minus, while the imaginary 

« 
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roots are vectors in a direction not that of the axis, and are the 
sum of two vectors, one of which is in the direction of the axis 
and the other perpendicular to it. 


40 . Let a and yS be unit vectors along oa and on (Fig. 3G). 

Resolve OA = a into the two vectors 
36. Then 



OA = a = on + DA. 

But 

OD = CQS<^ .13, 

DA = e j;sin sin . €0, 

f 

e being a unit vector perpendicular to 
the plane aob, as in the figure. Hence 


a = cos</> , /3 + sin^ . e/3. (a) 

Now when a and 0 are unit vectors, we have b}' definition 
^.0 = (cos <j> + esin</))/3 = a ; or, comparing with («) , 

(cos ^ + esin <l>)0 = cos </)./? + sin <j> . e/J. 

The dietrihutive laio, therefore, rip^ib’es to the mxdtipUcation 
of a vector by the scalar and vector parts of a quaternion; for 
if a and 0 are not unit vectors, the tensors, as merely numerical 
factors, can be introduced without affecting the versor conclu- 
sion. Resolve 0 into the vectors oc, cb, cb being perpendicular 
to OA. Then 

OB = ^ = oc -f CB. 

But 

OC = cos <^ . a, CB = — e (sin </> . a) . 

Hence 

cos4> . a — sineji , ta = 0, 


or, by the distributive principle, 


(cos </) — sin <j) . a — 0. 
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Using the two members of this equation as multipliers on the 
corresponding members of (a) 

(cos ^ — sin • c) aa ~ (cos ^ + sin <f> • e/B ) , 

or, since a^= — 1, 

— cos<5f»-{-€sm<^ = /?a . . . . , (38). 

If a and /3 are not unit vectors, 

)5a=:T/3Ta(— -cosc^ + ^sin^) . . . (B9). 

Operating with each member of (a) on jS, 

a/3 = (cos </) . /3 + sin <jS . c/3)^ 

= cos</> . /3^-f-sin<^ . 

= — cos<^ — €sm<^ (40), 


or, if a and /? are not unit vectors, 

a/5 = TaTyS(-~ cos <?!>-“€ sin <^) . . . (41). 

The product of any tioo vectors is^ therefore, a quaternion^ 
which, as before, may be regarded either as the sum of a scalar 
and a vector or the product of a tensor and a versor. In gen- 
eral' notation 

a/5 = Sa^-f-Ya^=S^+yg .... (42), 
a/5 = Tg . Ug . . (43). 

The scalar of the product [Sa/5 = — TaT/5 cos is the product 
of the tensors and the cosine of the svpx)le'inent of the contained 
angle. 

The vector of the product [TajS = — TaT/5 sin </> . c] has for its 
tensor [TVay8= TaT^S sin </>] the product of the tensors and the 
sine of the contained angle^ and for a versor [UVa/5 = — c] a 
unit vector at right angles to their plane such that rotation about 
it as an aojis is positive or left-handed. 
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Representing the tensors of a and /i by a and h, we have, as 
in Art. 38, from Equation (41), 


riis. 3(J. 



IV^ = ah 

= — cos <}(> — € sill 
Sg = — ah cos <l> 

\(j = — ah^in<ji . e 
TVg = <{^sin<^ 

VY(j = - e 
SUg = — cos cj> 

VtJg = — sin <j> . e 
' TVUg = sin </> 

(TV : S)g = ~ tan<^ 


^•(44). 


41 . Resuming the expressions for the products and ((uotients 
of a and 


/3a = T/>Ta ( — cos </> + e sin <t >) , 

(«) 

a/3 = TaT/? ( — COS<^ — csin </>) , 

0>) 

^ ~ (cos <;(> — € sin cj >) , 
a Ta 

('■) 

P 1/3 

('0 


we observe 

1st. That if a and /3 be interchanged the sign of the vector 
part is changed. It is equivalent to a reversal of the angle <^, 
and consequently a change in the direction of rotation. Hence 

UV/?a = e = -UVa/3v 

rv- =€=— uvi? [ 

/3 a ) 

Vector multiplication is not therefore in r/eneral commutative, 

2d. If tlie vectors are unit vectors, 

;8a = -|, ai5 = -i (46), 
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the product being expressed also by a quotient. This is of 
course always possible, as appears from (a), (6), (c) and (d), 
and the transformation may be effected thus : 

i = (COS [Eq. (31)] ; 

a Ta Ta ^ . 

— = T^Ta (cos<^ — €sin^) ; 

or 

/3a = TySTa ( — cos (ji -f esin (j>) . 

3d. If <^ = 0, then in either (a) and (&) or (c) and (d) 
the vector part of q becomes zero, and the quaternion de- 
grades to a scalar. When < 5 f> = 0 the vectors are parallel, and 

aC = — TaTiS = — a&, as in Art. 35; also - = — = as in 

Art. 8. If at the same time a and (3 are unit vectors - = -=:l 

(3 a 

[or = = — a® = 1] and ajS = = — 1, as in Arts. 33 and 28. 

If then q be any quaternion and Tg = 0, the vectors of ichich q 
is the quotient or product are parallel. 

4th. If < 5 ?) = 90® then in either {a) and (IS) or (c) and (d) 
the scalar part of q becomes zero, and the quaternion degrades 
to a vector ; and either the product or quotient of two rectangu- 
lar vectors is therefore a vector at right angles to their plane, 

al3 reducing to — ah^ and - to as in Art. 34. If at the 

yS 5 

same time a and (3 are unit vectors, a/3== — € and as in 

Alt. 27. ^ 

If then q be any quaternion and Sg = 0, the vectors of uShich q 
is the quotient or product are perpendicular to each other. 

5th. If an equation involves scalars and vectors, the vector 
terms having been so reduced as to contain no scalar parts, then 
since the scalar terms are purely numerical and independent of 
the others, the sums of the scalars and vectors in each member 
are separately equal. Thus if 

Jr -f- aa -f^ b^ ~ d -f- 2^ “h 4" (b ^ — b^^) (3 ') 

h (47), 

co=:d + y and aa + 5/? = a^a -f (5^— 6")^ J 


then 
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which might also be written (Art. 38) 

S (a- + aa + &/3) =S [f? + !/ 4- «'a + (//— 

T(a + aa + 6/3) = V[cZ + »/ + a'a + (6'- 6'')/3]. 

Gth. ^ being the quotient which operates on a to produce p, 

a 

we have by definition 


7th. TVa^, or ah sin<#>, is the area of a parallelogram lohose 
sides are equal in length to a and b and parallel to a and 
or — ah cos < 5 ^>, is numerically the area of a parallelogram 
whose sides are a and h^ and angle ah is the complement of 


8th. Since the scalar symbol S indicates 
taking the scalar terms, 

the operation <>1‘ 

Sa = 0 . . . 

. . . . (.19), 

and, for a similar reason. 


Va=a . . . 

. . . . (.uO), 

Again, since a? is a scalar, 


V(a=)=0 . . . 

. . . . (r,i). 

S(aS) = -a= . . 

. . . . (.Gi). 


V(a2) may be written V . as also S(a“) = S . but these forms 
must be distinguished from (Ya)® and (Sa)*, which latter are 
also sometimes written Va and S^a. 

9th. Comparing (a) and (&), 


Sa^ = SjSa (5;3), 

and 

Va^ = -V/3a (54). 


Adding and subtracting (a) and (5), we have also 

-f = 2 Sol/S 
— /9a = 2 Ya/S 



• * ( 55 ), 
. . (50). 
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10th. . ySa = (Sa^ -f-Va^) (Ba/3 —Yap) [Eqs. (53) and (54)] 

= (Sa/5)2- ^apYap + ^apYaP ~ (Yap)K 

Hence 

a/3 • /3a = (Saj8)^— (Ta/3)^ .... (57), 

or, from Equation (44), 

ap.pa = (TaPy^ (58). 


42. Powers of Vectors. 


The symbol m being a positive whole number, has been 
seen (Art. 28) to represent a quadrantal versor used m times 
as an operator ; the exponent denoting the number of times i is 
used as a quadrantal versor. By an extension of this meaning 
of the exponent, would naturally represent a versor which, 

as a factor, produces the —th pai't of a quadrantal rotation. 

Thus produces a rotation through one-third, and through 
three-fifths of a quadrant, respective^. With the additional 
meaning attached to the negative exponent (Art. 32) , as indi- 
cating a reversal in the direction of rotation, we may in general 
define i*, where i is any vector-unit and t an}’ scalar exponent, 
as the representative of a versor tvMch would cause any right 
line in a pla^ie 2:)erpe7idiculafto i to revolve in that plane through 
an angle t x 90? the dii’ection of rotation depending upon the 
sign of t. Hence every such power of a unit vector is a versor, 
and, conversely, evei'y versor may be represented as such a 


power. 


2<t> 


V Since the angle (</>) of the versor is i x we have i = — ? 
and any versor 

cos </> -h € sin <!> 

may be expressed 

cos^-f€siu</> = (59), 

and 


‘ 2 > 


cos</) — €sin<)5> = €~ TT .... (60), 


the vector base being the unit vector about which rotation takes 
place, and the exponent the fractional part of a quadrant through 
which rotation occurs. 
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The oj^eration of which is the agent is one*half that of 
which i is the agent, and therefore two operations with the 
former is equivalent to one with the latter ; or, as in Algebra, 

! = )•*+" (c.i), 

or, employing the other versor form, if a, /3, y are complanar unit 
vectors so that 

. . . ii 

- = cos -H esin <ji> = e , 

13 25 

- = cos B + esin 0 = 

y 

then since 

a ^ _ ot 

~^'y~y 

we have 

(cos -f c sin <!>) (cos ^ + €sin <9) = cos <l>cos9 + e^sin (j> sin $ + 

€(sm cos $ + cos <jf> sin 

= cos {<l> 4- $)+ esin {<t> + 6). 

The second member is the U—, its angle being {<!>+$), and 
may be therefore expressed as the power of a unit voetor, and 
written ^ ‘ ; this exponent is the sum of the exponents of 
the factors, or 

20 25 2(0 + 5 ) 

• €;r €7r = e rr . 

This is evidcntl}" an abridged form of notation to which th(^ 
algebraic lam of indices is oppUcahh. 

Since €^=—1 and therefore €^=1 ; if 6'=— 1, t must be an 
odd multiple of 2, and if €*=+1, t must be an oven multiple 
of 2. 

In either case the coefficient of tt in = ^7r is a wholi* num- 
ber, and cos <jl> ± € sin < 3 f> degrades, as above, to the scalar ±1, 
since sin mir = 0 when m is an integer. 

If = ± t must be an odd number ; in which case also 
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m=^, f, f, etc., cos'?n7r = 0 and the versor degrades to the 
vector ±e. 

If the vector is not a unit vector, as xi = p, to interpret the 
exponent, say pi, so as to satisfy the formula 

phphzzzp (^> 6 ), 

which is analogous to Equation (61), we must combine with the 
conception of rotation through half a quadrant an act of tension 
represented by the square root of the tensor of p. Thus, if 
aj = 16, and we wTite 

pi = (I6i)'= 16" 

then 

pV = ( 16 ^i^) ( 16 h'b= 16 « = P, 

or, if a: = V8, 

=-^8 . = V2 . 

p^p^p^ = (V2 . (V2 . i^) (V2 . i^) = Vs . i = />. 


And, in general, 

p^=:{xiy=:af.i^ (64), 

or the tensor of the power is the power of the tensor, and the 
versor of the pow’-er is the poiver of the versor. Symbolically 

T.p' = (Tp)^ (65). 

tJ.p' = (Up)' (66). 


Any such power (p') , as the representative of the agent of 
i both an act of tension and version, is therefore a quaternion, 
whose tensor and versor can be assigned by the above rules, and, 
conversely, every quaternion can he expressed as the power of a 
vector^ which quaternion may degrade to either a scalar or a 
vector as seen in the preceding versor conclusions. Hence it 
follows that the index-lam of Algebra is applicable to the powers 
of a quatei'nion. 
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43. Relation between the Vector and Cartesian deter- 
mination of a point. 

If Ic are three unit vectors perpendicular to each other at 
a common point, then the vector from this point to any point p 
may be written 

p =z= xi + yj+ zk (67) , 

in which a;, y, z are the Cartesian co-ordinates of r. If the vec- 
tors are not mutually perpendicular and arc represented by a, /5, 
y, then 

p == a*tt 4- y/? 4- (6<S) ^ 

in which a;, y, z arc the Cartesian co-ordinates of r referred to 
the oblique axes. So long as the vectors a, y are not coin- 
planar, p refers to any point in space. 

Since any quaternion q may be expressed as the sum of a sca- 
lar and a vector, if lo be any scalar, then 

xo + Xa-^' + Zy ({)<)). 

As composed of four tei'ins, wc observe an additional reason 
for calling this complex expression a quaternion. 

Any vector equation 

p = 0 - = aa -f- + cy, 

involves three numerical equations, as 

a;=:a, y=6, 2 = c, 

unless the vectors are complanar ; in which case wc may write 

y = na -f m/?, 
and 

p = (a; -f- 2^/0 a -f- (?/ -j- zm)p, 

(rs= {a -f- cn) a -f- -j- cm)jS^ 

which, for p == cr, involves but two equations 

X -I- zn = a + cn, y+ zm + cm* 


I 
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Resuming the quaclrinomial form of q, when the component 
vectors are at right angles, we have 

q = w + xi + yj+zTc' 

Sq=tt) (70). 

yq = xi + yj+zk 


Since (TY 5 ')- = — (V 9 ')® = SB® + 3 /^ + 2 “, we have • - 

t , 

TTq = Va^ + 2 ^ + 2 ^ 1 

j^yrf — ■ ... (71). 

TYq Va!“+?/“ + 2® 

Also, since (Ait. 41, 10th.) 

(Tqy- = (Sq)-” - {Yqy = 10* + + y + 


V wr^ + o:^ + ?/“ + 2 “ 

q «o + xi + yj+ zk 


Tq 

SU? = ^ 


VtO^-l-iC^ + 2/^ + 2^ 
to 


. . (72). 


TVU^ = 112 _ 

Tq \^y2+a^i+l/'^ + 


44 . The plane of a quaternion has been already defined as the 
plane of the vectors or a plane parallel to them. The axis of 
a quaternion is the^ vector perpendicular to its plane, and its 
angle is that included between two co-initial vectors parallel to 
those of the quaternion. If this angle is 90? the quaternion is 
called a Right Quaternion, Any two quaternions having a 
common plane, or parallel planes, are said to be Complanar. 
If their planes intersect, they are Diplanar. If the planes of 
several quaternions intersect in, or are parallel to, a common 
line, they are said to be CoUinear. It follows that the axes of 
collinear quaternions are complanar, being perpendicular to the 
common line. Complanar quaternions are always collinear, and 
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eomplanar axes correspond to collinear quaternions, but the lat- 
ter may of course be diplanar. 

O^A. 

Let — and be an}^ two quaternions. If eomplanar, the^^ 

may be made to have a common plane ; and, if diplanar, their 
planes will intersect. In the former ease lot oe be any line of 
their common plane, or, in the latter, the line of intersection 
of their planes. Now, without changing the ratios of their vec- 
tor lengths, the planes, or the angles of the given quaternions, 
two lines, of and og, ma}’ alw'a.ys be found, one in each plane, 
or in their common plane, such that with oe we shall have 


o'a 

o'b 


OF 

OE 


and 


0''C _ OG . 
o"x> OE ’ 


and, therefore, any two quaternions, considered as geometric 
fractions, can be reduced to a common denominator ; or, in the 
above case 

o'n ~ oe OE oi 


Moreover, a line on, in the plane ao'b, may always be found 
such that 

o'a __ OE 

o'b oh’ 

and therefore 

o"o o'a _ og oe __ og * 
o"d o'b OE * oh ”” oh’ 
and 

o'a ^ ^ 

o'b * o"d "" oe * oe oe ’ og "" 




45. Reciprocal of a Quaternion. 

The recipi'ocal of a scalar is another scalar with the same 


sign, so that, as in Algebra, if x be any scalar, its reciprocal is 


X 
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The reciprocal of a vector has been defined (Art. 38), so that, 
if a be any vector, - = 

The reciprocal of a quaternion has also been defined (Art. 

26) ; thus a _ 

j-<i 

being any quaternion, 


tt q 


is its reciprocal. The only difference between the quotients 
and ^ (Fig. 37) is that, as opera- 

P CL 

tors, one causes to coincide with a, 
while the other causes a to coincide 
with p. A quaternion and its recipro- 
cal have, therefore, a common plane 
and equal angles as to magnitude, 
but opposite in direction; that is, 
their axes are opposite. Or 


Fig. 37. 




and 


axis 


= — axis 




Since 

= = = and 

^ * /i */3 * ^ ^ a a 


i “ — 1 

a'iS'lS" ’ 


the prodiiO, of tico reciprocal quaternions is equal to positive 
unityi and ecich is equal to the quotient of unity iy the other; 
we have, therefore, as in Algebra, -q = l and Q = ji and no 
new symbol is necessary for the reciprocal. ~ is, however, 

sometimes written Rq, R being a general symbol of operation, 
namely, that of taking the reciprocal. It follows from the above 
that 
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or, the tensors of reciprocal quaternions are reciiwocals of each 
other ; while the versors differ only in the reversal of the angle. 
If then 


o = “ = (cos 6 4- € sin ip) 

^ T/3 ^ ^ ^ 

we shall have 

Rg = 1 = o-‘ = ^ = (cos <^ - e sin <)(.) 
q a Ttt 


(74). 


Fig. 37. 


46. Coiyugate of a Quaternion. 

If (Fig. 37) be taken complanar with ft and a, and making 
with a the same angle that ft does, 
Ty8' being also equal to T/S, then, if 

2 is called the conjugate of 

g, and is written Kg. The s^’inbol K 
indicates the operation of taking the 
conjugate. A quaternion and its con- 
jugate have, therefore, a common 
plane and tensor, as also, in the ordi- 
nary sense, equal angles ; but their axes are opposite ; or 



Z Kg = Z g = Z 
1 


1 


and 

If then 

we shall have 


TKg = Tg=: 

1 

axis Kg = — axis g = axis- 

g J 

(? = | = ^(cos<^ + esm<;l>) 
Ta 

K? = ^(cos<^-€Sin<^) 


■ (7o). 


. . (7(1), 


or, the tensors of conjugate quaternions are equals and the versors 
differ oyihj in the reversal of the angle. 

Regarding a scalar and a vector as the limits of a quaternion 
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(Art. 41, 3d and 4th), we see from Equation (76) that the con- 
jugate of a scalar is the scalar itself and that 


Ka = — a = — TalJa C'^)} 

or, the conjugate of a vector is the vector reversed. In general 
notation we may write 

g = Sg4-Tg, 

whence it follows from the above that 


or (Art. 43) 


Kg = 10 — xi — yj — zk 


. . (78). 


that is, the scalar of the conjugate of a quaternion is the scalar 
of the quaternion^ and the vector of the conjugate of a quaternion 
is the vector of the quaternion reversed ; a result which may be 
expressed spnbolically 

TKq = -\q} ^ 

These are Equations (53) and (54) . 

If we add and subtract the two conjugate quaternions 


we have 


g = Sg -f Vg, Kg = Sg - Vg, 

g-{-Kg=2Sg] 
g — Kg = 2Vg 3 ’ 


(80). 


The sum of two conjugate quaternions is^ therefoi'e, ahoays a 
scalar, positive or negative as the Z g is acute or obtuse. If 

Zq:=^, this sum is evidently zero. 

JU 

Since, if g is a scalar, K5 = g, then, conversely, if'Kq = q, q 
IS a soctf^cti* • 
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47. Opposite Quaternions. 

If, for we write ^ (Fig. 37), the latter is called the 
Opposite of g, and is evident — g, for 


0 — a 0 a 


= 0~g = -g. 


As appears from the figure, opposite quaternions have a com- 
mon plane and tensor, supplementary angles and opposite axes ; 
or 

, T ( — g) = Tg, Z — g = tt — Z g and axis ( — g) = — axis g. 


Since 


— , U. i*. 

T 



the sum of two opposite quaternions is zero^ or 

Fi^^37. g + (-g)==0. 



or, their quotient Is negative unity. 

If then 

</=^ = ^(cos^ + €sm i>) 

we shall have ■ . * . (81). 

-''/ = ^(-cos<#.-«sin</») 

If Z g = |, Kg = — g ; and, conversely, if Kg = — g, g is a 
vector. 
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48 . Since Vq is independent of the vector lengths^ and only 
dependent upon relative direction^ versors are equal whose axes 
and anomies ai’e the same. Hence 


U 1: ^ 


But (Art. 24) 


and, Equation (82) , 


UK^ = ul. 

U 


1 • — 

ysy a Ua • 

... U-=— . . . 

q XJ? 


UKo = — . 
% 


(82). 


(83), 


Again, since the conjugate of a versor is the same as the re- 
ciprocal of that versor, we have, from Equations (82) and (83), 

UKq = KUq (84). 


I being any 


Fig. 38. 


49 . Representation of Versors hy spherical arcs. 

If a, /?, y, are co-initial unit vectors, their exti'emities will 

all lie on the surface of a unit sphere (Fig. 38). 

a 

quaternion, turns /5 from the xDosition 
OB to OA, and this versor may be repre- 
sented by the arc ba joining the vector 
extremities ; for this arc determines the 
Xolane of the versor as also the magnitude 
and direction of its angle, the direction 
of rotation being indicated b}" the order 
of the letters as in the case of vectors. 

This representation of versors by vector 
arcs is of impoitance in the theorems re- 
lating to the multiplication and di\usion of quaternions, and 

may be made upon a imlt sphere ; for, if a, y, are not unit 

vectors, the quaternions will differ from the versors b}" a nu- 
merical factor only, the introduction of which cannot affect the 





pa \ 

f p r 

— * ^ \ 

\ \ 



o 
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versor conclusions. Disregarding, then, the tensors, since ver- 
sors are equal whose planes are parallel and angles equal (in- 
cluding direction), equal arcs on the 
same gi’eat circle and estimated in the 
same dkection represent equal versors, 
for ail}* are may be slid o^^er the great 
circle on 'which it lies without change of 
length or reversal of direction. On this 
plan b'a = AB will represent the recipro- 
cal or conjugate of ba, and a quadrantal 
versor would have for its representative 
BC, an arc of 90? Also, the versors of 
all complanar quaternions will be repre- 
sented b}" arcs of the same great circle, while arcs of different 
great emcles will represent the versors of diplanar quaternions, 
which are always unequal. 

If M, N and p are the vertices of a spherical triangle, the vector 
arcs MN, NP and pm will represent versors, and it will be seen 
that by taking the geometric sum of two of these arcs in a cer- 
tain order, the remaining arc will represent the versor of their 
product ; so that if cf be represented by pm and q by np, q'q may 
be constructed by a process of spherical addition repi’esented by 
PM + NP = nm, nm representing the versor q'q ; but that because 
q^q and qq' are not generally equal, this process of spherical ad- 
dition, as representing versor multiplication, is not commutative 
as was that of vector addition, pm -j- is^p and np -f pm representing 
diplanar versors. 


Fij^. 3S. 



f 


50. Addition and Subtraction of Quaternions. 


Since a quaternion is the sum of a scalar and a vector, in 
finding the sum or difference of several quaternions the sum or 
difference of their scalar and vector parts may be taken sepa- 
rately. The former will be a scalar and the latter a vector; 
consequently, the sum or difference of several quaternions is a 
quaternion. 
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1. Both the associative and commutative principles being 
applicable to the summation of scalars, as also to that of vectors 
(Arts. 4, 5). they also hold good for the addition and subtrac- 
tion of quaternions ; or 

q^r = r-^q *) 

and V . . . . (85). 

^ + = + + s J 

If then 

q = -fTg 
r = Sr +Tr 


s = q-{- r -h +Ys ; 

in which 

Ss = S -b r -h ) = fiq 4- Sr + , 

Ts = y(< 2 ^ + r + )=V^ + Tr-f- , 


and, in general, 


S^$=:2Sg I 

= SYg J 


( 86 ), 


or, in quaternion addition and snUraction^ S and T are distribit- 
tive symbols* 

2. If (/ -b r -b j) -b .9, then, Equation (78) , 


Kg-b Kr -b Kp -b S^-b Sr-b Sp -b — Tr—Tp — 

= Ss — ys= Ks. 

IKq^^Jitq (87), 


K, like S and y, being a distributive sjTnbol. 

3. Again, since the conjugate of a scalar is the scalar itself, U 
KS 7 = Sq, 

But Sg = SK^. Hence 

KSg = S^ = SEg (88). 

Also, since the conjugate of a vector is the vector reversed. 
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But —Yq=: VKg. Hence 

KTq^-Y(j=TKq (89); 


hence K is commutative loitli S and T. 


'Fig. 38. 



4. Since an}" two quaternions may be 
reduced to a common denominator (Art. 
44), so that 

^ I 7 __ y' 

S' ’ 

and since 

T/-hTy'>T(a'-i- y') 


unless a! = xy' and x>Q. it follows that 
Try + Try' > T (q^ -f- g') 


unless q^xq' and x>0. Hence, in general, T5g is not equal 
to 2Tg. Moreover, since U2g is a function of the tensors under 
the 2 sign, while 2Ug is independent of the tensors, U2g is not 
equal to 2Ug. This also appears from the representation of ver- 
sors by spherical arcs (Fig. 38) . Hence, in the addition and 
subtraction of quaternions^ T and U are not^ in general^ dis-- 
tribiitive symbols. 


51. Multiplication of Quaternions. 

1. Let 

g = Sg+Vg, r=Sr+Tr 
be any two quaternions. Then 

p = qr = SgSr -j- SgVr + SrVg + 

1 ' , 

The last member, being the sum of a scalar and a vector, is a 
quaternion. Hence, the product of two quaternions is a quater-^ 
nion^ and 

p = Sp + Vy? = Sgr + Vgr, 

in which 


and 


Sgr = SgSr + S .YgVr .... (90), 
yg?-=:SgVr + SrVg+V.VgYr . . . (91). 
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If we multiph' q b}’ r, we obtain 

Srg=S?'S^4-S.YrT^, 

^yq = S'/Tg + S^Vr -j-Y . YrYg. 

But, Equation (53), 

S . Y?Tq = S . YqYr. 

S/q = Sq/* (92). 

But, Equation (54), 

y . \q\r = - Y . Y/Tq, 


and thft-’efore the products qr and rq ai^e not equal. Hence, 
quaternion multi])! (cation is not in general commutative. If, 
liowever, q and r are complanar, Yg and Yr are parallel, and 
Y • YgYr = 0 ; in which case qr = rq. Conversely, if qr = rg, g 
and r are complanar. 

Since Reciprocal, Conjugate and Opposite quaternions are 
complanar, they are commutative, or 


gKg = Kg . g 

,11 11 

q- = -q = qq-^ = q-\ 

a a 


. . (93). 


2. It has been shown (Art. 44) that any two quaternions 

g, g; can be reduced to the forms ^ and I hanng a common 

a a 

denominator, or to the forms - and 1. Hence 

8 a 


We have then 


r y P 

g' : g = : c 

a a 


1 

a ‘ /3 P 


/3 Ta Ta* Ta ^ * 

XJj3~Ua* ’ 


( 94 ). 
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In a similar manner 


T(5'^) = T 



S”'TS Ta n 


= T^' . Tq' 


U('/'«) = U|=WU2 


( 95 ). 


Hence the tensor of the product (or quotient) of any two qua- 
ternions is the product (or quotient) of their tensors^ and the ver- 
sor of the product (or quotient) is the product (or quotient) of 
their versors. 

In fact, tensors being commutative, we have, in general, 


TUq^mq (96), 

Uq = Tllg • XJIIg^ = IITg • HUg, 

Ung = nUg (97). 


3. The multiplication and division of tensors being purely 
arithmetical operations, we proceed to the corresponding opera- 
tions on the versors. It has been shown (Art. 44) that any 
two versors g, gj may be reduced to the forms 




^_0B 

a Oa’ j8 Ob’ 


(Fig. 39), 


A, B, cj being the vertices of a spherical triangle on a unit 
sphere. Then 

P a Q. OX 


If we represent the versors g' and g by the vector arcs no' 

and AB, then the versor 1, the i^roduct of g'g, will be repre- 
a y' 

sented by the arc ac^ ; moreover if g'' = - represent any divi- 
dend and g = - any divisor, then 

— I — 22!- 

g"”a 

the versor of the product g'g being 

BC' -f AB = AC', 
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and the versor of the quotient £- 

AC^— AB = BC^; 


Fig. 39. 


and, as in the addition and subtraction of quaternions, the pro- 
cess consisted in an algebraic addition and subtection of scalars 
but a geometinc addition and subtrac- 
tion of vectors, so the multiplication 
and di\ision of quaternions is reduced 
to the corresponding arithmetical ope- 
rations on the tensors and the geome- 
trical multiplication and division of' 
the versors, the latter being con- 
structed by means of representative 
arcs and the rules of spherical addition and subtraction. 



4. The representation of a versor by the arc of a great circle 
on a unit sphere illustrates the non-commutative character of 
quaternion multiplication. For, ab and ba' (Fig. 39) being equal 
arcs on the same gi'eat circle, as versors 


and similar!}’ 
Now if 

then 


AB = ba', 

CB = BC', 

/3 a'. /5 y 

q = - = — and r = - = L 
^0.1^ y p’ 


a /3 a - y' ^ y' 

/3yy ^ P a a 


the versors qr and rq being represented by the arcs ca' and ac^ 
respective!}’. These arcs, though equal in length, are not in the 
same plane, and therefore the versoi's rq and qr are not equal. 
Constructing these versors, by spherical addition we should have 


BC' -i-AB = AC', 


AB + BC' = ba' -f CB = CA'^ 
a change in the order giving unequal results. 
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Hence, unless ac' and ca' lie on tlie same great cii’cle, in 
whicli case q and r are complanar, quaternion multiplication is 
not commutative. 


5. Other results, hereafter to be obtained sj^mbolically, may 
be readily proved by means of spherical arcs, as follows : 

If AB (Fig. 39) represents the versor of g = a'b = ba repre- 
sents the versor of Kg or 1. The spherical sum of ab + ba 

g I 

beina: zero, the effect of the versors in the products gKg and g- 

o g 

is to annul each other. Hence, if the vectors are not unit 
Tectors, ^ ^ ^ (93) ^ 


Again, from 
we have 




AB + Bc' = ca', 



and the versor of K (gr) will therefore be represented by a'c. 
But 

a'c = BC + a'b, 

whence 

E(gr)=:K?-Kg (99), 


or, the conjugate of the product of two quaternions is the product 
of their conjugates in inverted order. 


6. The product or quotient of complanar quaternions is readily 
derived from the foregoing explanation of versor products and 
quotients as dependent upon a geometric composition of rota- 
tions. For, disregarding the tensors, the vector arcs which 
represent the versors, since the latter are complanar, will lie on 
the same great circle, and the processes which for diplanar ver- 


sors were geometric now become algebraic. Thus for g '='3 

A ^ ^ 

andg = -: ' /3 a' 



GEOaiETEIC MULTIPLICATIOK AND DIVISION. 79 


and, Fig. 39, 

ba' + ab = ab + ba' = aa' ; 

also for q"— - and 5'= 
a a 

a * a a ^ 

and 

BA -{- AA^ = BA^, 

The product or quotient of any two complanar quaternions is 
therefore obtained b}’ multiplying or 
dividing their tensors and adding or Fig. so. 

mhtracting their angles. Thus 

pq = T79 . Tg [cos (<li + 0) + 

€Sin (<5i> + ^)]* 

If p^q. 

q^ = (TqY (cos 2 € sin 2 <^>) , 

or, generall}’, 

5”=(T^)”(cos7i<jJ> + €sin?i<^) . . . (100), 

whence result the following general fonnulae, 

T($”) = (Tg)'* 

U(c/) = (Ug)« 
gl](q'>^) = cosJiZq 
TTIJ (q'')^ sin nZq 

which are all involved in Ai-t. 42. 




52. 1. Distributive and Associative Laws in Vector 

and Quaternion Multix)lieation. 

Having assumed (Ait. 24) 



a 
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whence 

= (^ + y) ar\ 

since a is any vector, we have 

-I- ya = (^ + y) a. (a) 

Taking the conjugate of (/3 + y)a, 

K [(/3 + y)a] = KaK(/S + y) [Eq. 99] 

= Ka(K/3 + Ky). [Eq. 87] 

Taking the conjugate of (^a -f- ya) , 

K(^a + yot) = K^a + Kya = KaK/5 + KaKy. 

Eleuce 

Ka(Kj8+ Ky) = KaKyS + KaKy, 
or 

a'(/3'+y')=a'y8'+ay. (6) 

Hence, ft’om (a) and (&) , the multiplication of vectors is a 
doubly distributive operation, and 


(/? + y) (“ 4- S) = ^a + ya + j88 + yS 


( 102 ). 


2. Let he any quaternion and a any vector; also /3 a 

vector along the line of intersection of a plane perpendicular to 
a with the plane of q. Then another vector, 5, may he found in 
the latter plane, such that g=-f ’ t having the same angle, plane 

Ql ® ^ 

and axis as Also let y he a vector in the intersecting plane, 

such that ^ he any scalar, 

(a + a)? = (a + +^)|- 

_ + y ^ _ a0 + y 

~ 13 ' S~ S 

“8^8“ S+yS 8 
= aq -f aq. 
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Taking the conjugates as above, 

q\a'+ a') = q^a'. 

Hence, in general, 

(ct -{- a) = CicC cOol -f- o.oJ\ (^c) 

or regai'ding a, a' and a, a! each as the sum of two scalars and 
two vectors respective!}’, 

(Uj-f- ct^ "b fti “h ttg) “1“ ^^^2 “b "4“ ct’^2) “ 

(Ui 4" tto) (c(f 1 -f“ <^ 2 ) + 4" ^< 2 ) Wi 4" 4“ 4" 2 ) 

(ai+ 4" (cti 4“ ^ 2 ) (a'l 4“ <^' 2 ) = 

(fti 4" 1 4" ct^) 4“ (<^h 4“ tti) (a 2 4“ ^' 2 ) 4“ (^h 4“ ao) 

(a'l 4“ a'l) 4“ (^^^24- as) (a'24“a'2), 

since, from (c), the factors in the expression preceding the last 
are distributive. Putting for the parentheses, which are sums 
of a scalar and a vector, the quaternion symbols p, ?• and a, 
we have 

(jP + ^)(?'4-s)=P>*4“Ps4-^r4-gs . . (103), 

or, t/ie multiplication of quaternions is a doubly distributive 
operation. 

3, Assuming any three quaternions under the quacMnomial 
form, Article 43, f, fc, j being unit vectors along three mutually 
rectangular axes, we have 


q=ziv 4-a;i +yj +zk, 

(«) 

r = w?' 4- xH 4“ y^j 4~ 

(p) 

s = z(;"4- ce"i4- 

(C) 


Multiplying first (c) by (&) and the result by (a), and then 
{b) by (a) and (c) by this result, observing the order of the fac- 
toi'S, it will be found that the scalar and vector parts of these 
two products are respectively equal, and therefore 

g{rs) = {qr)s (104), 

or, the associative laio is true in the multiplication of quaternions. 
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53. 1. If a and (3 be an}- two vectors, then 

(a + /?) (a + /?) = (a 4- = a- + (a/3 + /3a) + /S^ 

whence, Equation (55), or, comparing Equations (30), (41) 
and (80), (a+^f = a? + 2fia^ + l3^ . . . (105). 

2. Similarly 

(a-p){a-^) = {a-^r- = a^-{a/3+/3a) + /3^ 

{a-l3y- = a?-2Sa.^ + fi^ . . . (106). 


or 


3. From Equation (57), or by multiplying g = Sq + V2 into 

hence, from Equation (98), the equalities 

a/3./3a = gKg = (Sa^)2-(Va^)2=:(Tg)2 . (107). 


Fig. 40. 


54. Applications. 

1. In any right-angled triangle^ the square on the hypothenuse 
is equal to the sum of the squares on the sides. 

Let the sides, as vectors, be repre- 
sented by a and /S (Fig. 40) , and the 
hypothenuse by y. Then 

y = a-f-/3. 

Squaring, Equation (105), 

/ = a2^-2Sa)8+/3^ 
y‘ = a?+l3\ 



or, Alt. 41, 4, 


or, as lengths simply, changing signs [Equation (33)], 

BA^ = BC- 4- CA^ 

2. In any right-angled triangle,^ the medial to the hypothenuse 
is one-half the hypothenuse. 
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111 Fig. 40, for the medial vector cd = S, we have (Ait. lo) 


S = K/5-a), 
or 

2S = ;0~a. 


Squaring, and since S^a = 0, 

4S2 = yS--fa2, 
or 

o CA^+CB^ AB^ 
eD- = — p-=-; 



3. If tlie diagonals of a parallelogram are at right angles to 
each other j it is a rhombus. 

Let the vector sides be represented by a and jS. Then a + jS 
and a — ^ are the vector diagonals. 

By condition ^ 

S(a+^)(a-)S)=:0. [Art. 41, 4] 

But, Equation (53), 

S(a + ^)(a-^)=|i^-^5=0, 

which is true only when Ta = T/?, that is when the sides are 
equal. 

4. The figure formed by joining the middle points of the sides 
of a square is itself a square. 

Let BC and ca (Fig. 40) be the sides of a square, p and q 
then middle points, and o the middle point of the side opposite 
BC. Then, with the same notation, 

PQ = ■J(o. “f“ 5 QO = 4(/? a); 

S(PQ . QO) = 0, 

or PQ and QO are at right angles. 

5. In any triangle^ the square of a side opposite an acute 
angle is equal to the sum of the squares of the other sides^ less 
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tivice the product of the hcise and the line heticeen the acute angle 
and the foot of a perpendicular from the angle opposite the base. 

Fig. 41. Let CA = /?, CB = a, BA = y (Fig. 41). 



— -f 2 c/ccosb = — -t- 

or 

^ ^ _ 2 ad. 


If B is a right angle, Say =0, and, as in Example 1, 

& o 0 

- = a- + r. 

TTliat does this theorem become for a side opposite an obtuse 
angle ? 

6. In any plane triangle, to find a side in terms of the other 
two sides and their opposite angles. 

In Fig. 41, 

^ = a -f"y« 

Multiplying into a 

^CL = -|- ya. 

Taking the scalars (Art. 41, 5), 

S,5a = — a® 4" Sya, 
or 

— 6a cosc = — a^ — ca cos (180°— b) ; 
a = 6 COSO 4- c cos B, 

The above operation with a is indicated by saying simply, 
“ operating with x S . a,” meaning that a is first introduced and 
then the scalars taken. The position of the sign X will indicate 
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holo a is used. If used as a multiplier, we should write, ‘‘ oper- 
ating with S . a X 


7. The sines of the angles^ in any plane triangle^ are jyTojxjr- 
tional to the ox>posite sides. 

In Fig. 41 

/? = a + y. 


Operating with x T . a, that is, as explained in the preceding 
example, multiplying into a and taking the vectors (Art. 41, 5), 

Y/Ba =T(a 4- y) a =T * -f Vya. 

ButV.a2 = 0; hence ^ 

V^a=Tya, ^ ^ ^ ^ 

ha sin c = ca sins, ^ 
or 

sine : siuB : ; c: 6. 


Notice that Y/3a and Yya involve a unit vector at right angles 
to their plane, and that, owing to the order of the vector factors, 
€ has the same sign in both members of the equality, and may 
therefore be cancelled. The period in Y . inaj" e^ddently be 
omitted, as in Y^a ; it will be used hereafter only to avoid am- 
biguit}'. Thus Kgr means the conjugate of qr ; but Kg . r is r 
multiplied by the conjugate of q. 


8. In a right-angled triangle., to find the sine and cosine of the 
acute angles. 

Let AB = y, AC = iS, BC = a (P^ig. 42) . Fig. 42. 

Then 

/? = y + a, 

whence 


Taking the scalars, since 


l = -COSA, or COSA=' 

h c 
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lu this example XJT^ = — UV 

/3 p 


/ 9. To find the sine and cosine of the smn of two angles. 

Let a, y be complanar unit vectors (Fig. 43), and e a unit 
vector perpendicular to their plane. We have 


Fig. 43. 



Hence 


a jS a 

in which 

^ = cos(<l}+0)+<sin{<l>+$), 

y , 

^ = cos (j> + €sm 

... 

- = COS^ + esmy. 
a 


cos(<j!) + ^) + € sin(^ + ^) = (cos (#> + c siiK^) (cos ^ + e sin^) 

= cos cos ^ 4- €(sin cos^ 4- cos cj> sin^) + sin 6 sin tf>. 

Equating the scalar and vector parts in succession, there re- 
sults, since ~ 1 , 


cos(^ + ^)= eos<^ cos^ — sin sin^, 
sin (<^ + ^) = sin cos^ H- cos <h sin^. 


10. To find the sine and cosine of the difference of ttvo angles. 
Let the angle between y and a (Fig. 43) be Then 

y a ’ y’ 



GEOMETRIC MELTEPLIOATION .AS’D DIVISION. 87 

in which 

B 

^z=: eos(i/r — esin(i/r — 6/), 

/3 

-= eos^ 4-€sm^, 
a 

- = cosi/r ~ csini/^, 

7 

and, as in the preceding example, 

cos (i/r — ^) = cos^ cos xj/ -f sin ^ sin 
sin (i/r — ^) = cos^ sin i/r — sin^ cosi/^. 

11. ijf a straight line intersect two other straight lines so as to 
make the alternate angles equals the two lines are paralleL 

Let a and y (Fig. 44) be unit vectors along ab and cd, and 
^ a unit vector along ac. Then 

= — eos^ 4- esin^, 

ygy = ~ cos^ — csin^ ; 

whence 

a/3 — = 2 VayS, 

and therefore, Equation (56), y = a. 

If a = abJ then 

ay8 = COS^ — €Sin^, 

^y = — cos^ — csin^, 

— jSy = 2 Sa^ ; 

y = -a. [Eq. (55)] 

V; 12. If a parallelogram he described on the diagonals of any 
parallelogram^ the area of the former is twice that of the 
latter. 

Let a and /3 represent the sides as vectors ; then the diagonals 
are a -I" /5 and a — jS, and 

V(a + i8) (a - /S) =Y(i5a - a^) = 2T/3a, 


Fig. 44. 



since Va^ = = 0 and — Va/3 = Y/3a. 
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But, from the order of the factore, 

TJV (a + ;8) (a - /?) = UT;8a, 

ll6nC6 

TT(a + /3)(a-/3) = 2TV;8a, 

which is the proposition (Art. 41, 7). ’ " ' ' 

/ ^ 

13. Parallelograms on the same base and hetioeen the same 
parallels are equal. 

We have (Fig. 45) 


Fig. 45. 



Hence 


BE = BA + AE 
= BA + iCBC. 

Operating with V • bc x 

V(bc . be)=V(bc • ba), 
since Va?BC^ = 0. 


Fig. 4(5. 


BC . BE sin EBC = BC . BA sin ABC, 

which is also true when the bases are equal, but not co-incident. 

/14. If, from any point in the plane of a parallelogram, per- 

pendiculars are let fall on the diag- 
onal and the tiuo sides that contain 
it, the product of the diagonal and 
its impendicular is equal to the 
sum, or diffei'ence, of the i^roducts 
of the sides and their resj^ective per- 
pendiculars, as the 2 yoint lies loith- 
out or tvithin the parallelogram. 

Let OA = a, OB = OP = p (Fig. 46) . 

Then 

But T.,+T^p=T(« + «p. . -i' 

H.u« «>T.p = «W=iiy(.+ffip, ^ 

TVap + TTjSp = TY (a + ^)p. 
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For p' = op', we have 

- . ! 

UVap'^: - UV/5/)'= ± UY (a + /?)/)'; 

TTap'~TT/3p'= TT(a+/5).o: 

15. 071 cniif tiL'o sides of a t7'ia7igle^ as ac, ah (Fig. 47), 

on?/ tico exte7'ior pa7'allelo.gra77is, as acfg, abde, be const7n(Cted^ 
and the sides ed, gf, xn'odnced to 77ieet in h, then will the srm of 
the a7*eas of the j)cmdlelogra7ns be equal to that tvhose mles a)'e 
equal and parallel to cb o??cZ ah. 

Let ae == a, ab = yS, ac = y 
and AG = S. Then 

AH = ae 4- eh 
= a — ajyS. 

Operating with X Y . yS 

Y(AH*^)=Ya^. (o) 

We have also 

AH = AG + GH 

= h-yy. 

Operating with x Y . y 

Y(AH.y)=Y8y. (5) 

Hence, from (a) and (6), 

Tah(^ - y) =Ta/5 -T8y, ' 

T(ah . CB)=Taj8— VSy=Vaj8+TyS. 

‘■’ij t i 'if ^ 1 . 

"These vectors have a common v^or ; whence the proposition. 

If one of the parallelogi-ams, as ad', be interior, then ae'= — a 
and ah' = — a — a:';8 = S + y'y, and 

V(AH'./3) = -Vaj8, 

T(ah'. y)=T8y; 

VAH'(/3-y) = -Ta^-TSy=VySa-T8y. 
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But in this case 

IJV (ah' . cb) = — UV^a = — UV8y, 

E^ncl the area of the parallelogram on ah', cb, is the area of af 
minus the area of adI 

16. To find the angle between the diagonals of a parallelogram. 

Let AD = BC = a (Fig. 48) , 

and BA = CD = /?, d and d' being 
the tensors of the diagonals. 
Then 

AC . DB = — (a — j8) (a + 

COS DOC . cZcZ'= 0 ? — 6^. 

Taking the vectors 

sin DOC . dd'= 2 ah sin 
since UV(ac . db) = — UVa^. 

tanDOC = -tan.^, = 2o^. 

cr — W 

17. The sum of the squares on the diagonals of a parallelo- 
gram equals the sum of the squares on the sides. 

In Fig. 48 

BD" = (a 4” + 2 Soc^ 

CA2 = (/3-a)2 = /32-2Sa^ + a2; 

CA- + BD2=2a2 + 2/32, 
or 

BD^ + CA^ = BA^ 4- AD^ 4- DC® 4- CB®. 

18. The sum of the squares of the diagonals of any quadri- 
lateral is tioice the sum of the squares of the lines joining the 
middle points of the opposite sides. 
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Let AB = a, AD = /?, DC = y (Fig. 49). For the squares of 
the diagonals, we have 

(;8 + y)= + (^-an 

and for the bisecting lines 

[i/5 + r — K/5 +7 + C/^ + iy 

Whence the proposition readily follows. 

19. The sum of the squares of the sides of any quadrilateral 
exceeds the sum of the squares on the diagonals by four times the 
square of the line joining the middle points of the diagonals. 

Let AB = a, AC = /?, AB = y 
(Fig. 50). The squares of the Fig.50. 

sides as vectors are i> 

a“ + (^ — a)“ + (y— /3)* + 7S 

or 

2(a^+ - 2Sy3a - 2SyiS. 

The squares of the diagonals are 

/9^ + (y-a)S 
or 

+ a- — 2 Sya. 

The former sum exceeds the latter b}" 

a 2 4 . ^2 ^ - 2S^a -- 2Sy^ + 2Sya, 

or by 

(a_;8^-y)^ 

which may be put under the form 




Fig. 40. 
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But = A(?, and — ^ = sa. 
Tve obtain 


Substituting these values, 


4(AO^-SA)^ or 4so^ 
which is also true of the vector lengths. 


' 20. In any quadrilateral^ if the lines joining the middle points 
of opposite sides are at right angles^ the diagonals are equal. 

With the notation of Fig. 49, we have 

FE . GH = [i (y — a) + /3]^(a + y) . 


But, by condition, 


Whence 


or 


ct/ \ 'Z ^ I SjSv , S^a ^ 

S(FE . GH) = L _ _ + = 0. 

(r + i8r = (y8-a)», 

AC^ = BD^, 

AC = BD. 


Fig. 51. 



21. In any quadrilateral prism., the 
sum of the squares of the edges exceeds 
the sum of the squares of the diagonals 
by eight times the square of the line 
joining the points of intersection of the 
two pairs of diagonals. 

Let OA = a, OB = jS, oc = 7, OD = 8. 
(Fig. 51). For the sum of the 
squares of the edges we have 


2[a^ + + (a - ay+ 272 + (8 - , 


or 

2[2 a" + 2/32 + 272 + 282 - 2 saa - 2 SS^]. (a) 


or 


The sum of tlie squares of the diagonals is . ^ 

Lb f ^ 

(v + 8)^ + (;-'S)^ + (y + + (^ 4 ^ 

2 (of* + + S'* + 2 y= - 2 Sa/3) . 


(P) 
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The vectors to the intersections of the diagonals are 

i(5+y) and i(y + a-hiS),- ^ ‘ 

and the vector joining these points is 
i(a + /3-S). 

Squaring and multiplying by eight, we have 

2 [a^ -f iS" + 82 4- 2 Sa/? - 2 SaS - 2 S^SS] , 
which added to (5) gives (a ) . 

22. In any tetraedron^ if two xxdrs of opposite edges are at 
right angles^ respectively^ the third pair will he at right angles. 

Let OA = a, OB = jS, oc = y (Fig. 52) . 

The conditions give 

Ofit? El'»^i'S«05-y) = 0, i'.4,c£.t:;-V. *' 

Subtracting the first of these equa- 
tions from the second o 

6 C‘ T = 

which is the proposition. 

23. To find the relations between the edges^ plane angles and 
areas of a tetraedron. 

With the notation of Fig. 52, we have 

CA . CB = (a-y) (^-y), 
or 

CA . CB = — ay — yjS -f- y^. (a) 

Representing the tensors of ca and cb by m and and taking 
the scalars of (a) , * 

S(CA . cb) = Sa/3 — Say — Sy/? 4-./^ 
whence .. ^ 

(^--.OQ cos Aoc — he cos Boc = mn cos acb — ah cos aob^ 
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Avliich is the relation between the edges and their inch 
angles. 

Taking the rectors of (a), and squaring, 

[Y(ca . Cb)] 2 = (Ya/3)^ - Va/?Yay - Ya^Yy^ - YayYa/? 1 

+ (Vayy +YayYy^ -Yy/BYa/3 +Yy/BYay + (Yy^)l | 
But 

. - (Ta^Ty^ + Yy/3Ya/5) = ~ 2 S . Ya/3Yy/5 (Eq. 

/ ' . = 2TYa/STVyi8 COSB, 

in which b is the angle between the planes aob, boo. 

Also 

- (Ya/?Yay + YayYa^) = - 2 S . Ya^Yay = 2 TYa^TYay COS 
and 


VayYy^ + Yy/3Yay = 2 S . YayYy/3 = - 2 TYayTYy^ COS ( 180® - 

= 2TYayTYyj8 cosc, 

Fig. 53. 


C 



in which a, b and c are the an 
opposite the edges bc, ac and ab 
spectirely. Hence (b) becomes 

- [TY(ca . Cb)]2= - (TYa^S)"- (TY 

-(TY 

+ 2TYajSTYay COSA+ 2TYaj8TYy/3 c 
-i- 2TYayTYy^ cosc. 


TY (CA . cb) =5 2 area acb, 


and similarly for the others. Hence, dividing by —4, 

(area ABc)^= (area aob)® -1- (area aoc)® + (area boo)® — 

2 area aob area aoc cos a — 2 area aob area boc cos 
2areaAOC areasoccosc, 

which is the relation between the plane faces and their inch 
angles. 
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If the angles are right angles, then 

(area abc)^ = (area aob)^ (area aoc)^ -f- (area boc)^ 


24. To inscribe a circle in a given triangle. 
Let a, p, y (Fig. 53) be unit vec- 
tors along the sides. Then, Ai’t. 16, 
the angle-bisectors are 

(/8 -I- y) ) 

— 2/ (y + “) j 

Now 

*»(/3 + y) = Cy-2/(7 + a). 
Operating with V . (y + a) X 


Fig. 53. 





cY ay 


Hence 


Yy/S+Ya/S-hYay 


AO = flj(/3+y) = 


cTay 


Yy/3 -i-Vay5 -hTay 


or, since a, y are unit vectors, 
csinB 


(/3 + y)) 


AO = > 


sin A 4- sins -f- sine 


()8 + y). 


Squaring, to find the length of ao, we have, since (^-f 

— 2 ( 14 -cos a), ClIu ^ ^ ‘T'T# 

Ik. 4 ^ 6 ^^ ‘ C 

-AO^: r.^ £4i]i£_^T2(l + COSA), 

Lsm a -f- sinB 4- smej 


AO = 


sin A -f'SinB4-smc 

csiiiB 

sinA4“SinB4-sinc 

csinB 

sinA -f-shiB 4-sinc 


V2 (1-f-COSA), 
2 cos ^ A. 


25. If tangents be dravm at the vertices of a triangle inscribed 
in a circle^ their intersections ivith the opposite sides of the triangle 
will lie in a straight line. 
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Let 0 be the center of the circle (Fig. 54) whose radius is r, 
and 0A = a, ob = ;8, oc = y. Since oa and ap are at right 
angles, 

S(OA . AP) = 0. 


But 


AP = AB + BP = AB +2/BC = ^ — a + y(y — ; 


Fig. 54, 



hence, substituting this value above, 

Sa[/3 — a + i/(y — ^)] = 0, 

Sa“ = Sa/3 + yS{ay — a^) , 


and 


i-^ + Sa/3 . 
^ Say - Sa;8 ’ 


Therefore 


OP = OB + BP = /3 + ^ (y - /3) 

_ + Say)$ — (r* + Sa^)y 

Say — Sa/3 


Similarly, or, by a cyclic change of vectors. 


Whence 


(?-^4-Sag)y-0-^ + S)3y)a 
Sa^ - Sl3y 

-h ^Py)cL — + Say)g 

SjSy — Say 



(Say — SajS)0P + (Sa^S — S^y)OQ -f- (S^y — Say) OR = 0* 
But also 

(Say - Sa/5) + (Sa^ - S^y) + (S/3y ~ Say) = 0. 
Hence p, q and r are coUinear. 

26. The sum of the angles of a triangle is two right angles. 
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Let a, /5, y be unit vectors along bc, ca and ab (Fig. 55). 
Then (Art. 42) 


But 


Fig. 55. 



9 

Hence ~(<^ + ^ + ^A) = an even multiple of 2 (Art. 42) , as 29i^ 

TT 

as we go round the triangle n times. 

In taking the arithmetical sum, or passing once round, we 
take the first even multiple of 2, or 


+ + = ^ 

TT 

^ ^ = ^TT, 

and the sum of the interior angles is 3 tt — 2 tt = tt, or two right 
angles. 

27. The angles at the lose of an isosceles triangle are equal to 
each other. 

Let a and ^ (Fig. 56) be the vector sides 
of the triangle, and Ta = T)0. Then, if the 
proposition be true, 

a — E ^ 
a-/3 
or 

a(a -P)-^= Kj8(^ _ a) -1= (^ - a) 
a(;8-a) = (a-^)^; 

a= = /3S 


Fig. 56. 



■whicli is true, since Ta = T/8. 
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28. To find a point on the base of a triangle such that^ if lines 
he draion through it p>arallel to and limited by the sides^ they ivill 
be eqxiah 


Fig. 67. 



A 


Draw DE (Fig. 57) and df parallel to 
the sides. From similar triangles, if 

AE = iKAC, 

^ — AE __ FB _ AB — AF 
AC AB "" AB ’ 

whence 


Now 


1 - 


AF 

AB* 


AD = AF + FD, 


or, since fd = ae, 

= (1 — a')AB +a;AC. 


But, since fd is to be equal to ed, 


9 

and therefore 


(1 — a;)TAB = a;TAC = y ; 
(1— a?)TABXJAB = 2 /XJab, 
a’TAcUAC = 2/tJAC, 

ad = 2^(Uab + Uac) , 


and D is on the angle-bisector. 


29. If any line be drawn through the middle point of a line 
joining two parallels, it is bisected at that 

Fig. 58. point, 

G H 

30. If the diagonal of a parallelogram 
, is an angle-bisector, the parallelogram is a 

rhombus, 

31. In any triangle the sum of the 
squares of the lines gh, ke, df (Fig. 58) 
is three times the sum of the squares of the 

D L E sides of the triangle, 

* 32. The sum of the angles about two right lines which intersect 
is four nght angles, 
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>33. If the sides of any iiolygon he produced so as to form 
one angle at each vedex^ the sum of the angles is four right 
angles- 

♦ 34. Find the eight roots of unity (Art. 39). 

♦35. The square of the medial to any side of a triangle is one- - 
half the sum of the squares of the sides tohich contain it^ minus 
one-fourth the square of the third side. Z- 

55. Product of two or more Vectors. 

1. Let q = ttjS, r = y. Then, since Sgr = Srg', 

8a/5y = SyayS. 

Let ^ = ya, r = ^. Then 

Sgr = Srg = Sya^ = S/5ya ; 

. • , *Sa^y = S/5ya = Sya^ (108) , 

or, the scalar of the product of three 'cectors is the same if the 
cyclical order is not changed. 

This may also be shown by means of the associative law of 
vector multiplication as follows: 

a/3y = (a/3)y = (Sa^ -hTay8)y. 

Taking the scalars 

Sa^y = S(Say8 4*Va/3)y 

= S(Ya/3 • y), since S(Sa/? . y) = 0, 

= S.yVa^; 


introducing the term S . ySa/? = 0, 


= S-yVa/3 4-S.ySa/3 
= S . y(Sa/3 +Ya^) 

= Sy(a/3) = Sya^S. 



100 


QUATERNIONS. 


In a similar manner 

Sa/3y = S • o.{Sj3y 4"V/5y) 

= S . aV/?y 
= S(Ty8y .a) 

= S(Vj8y + S,Gy)a 
= S^ya, 

and, as before, 

Sa^y = SjSya = Sya^. 

2. Again 

Sa/3y == S . a(S^y +\/3y) 

= S . aV^y 
= - S . aVyjS 
= ~Sa(Vy/? + Sy/?); 

Sa/3y = -Say^ (109), 

or, a change in the cyclical order of three 'vectors changes the sign 
of the scalar of their jgrodxict, 

3. Eesuming 

a0y = a{/3y) 
and taking the vectors, 

Ya.j3y=T. a{H^y+Y^y) 

= aSjSy + V . a-YjSy. 

Also 

y7j8a = T(Sy/?+Vy/?)a 

= V. a&y^-Y.aYyfi 
= V . aSy;8 +.Y . aY^y 
= T.a(Sy/S4-V^y) 

= aS^y + y.aV^y; 

Ya/3y=Yyl3a (110), 

or, the vector of the product of three vectors is the same as the 
vector of their prodxLCt in inverted order, 

4. Geometrical interpretation of SaySy. 

Let a, y be unit vectors along the three adjacent edges oa, 
OB, 00 (Fig. 59) of an}" parallelepiped, 6 being the angle be- 
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tween a and /5, and the angle made by y with the plane aob. 
Then 

a/S = — cos$ 4- € sin^, 

€ being a vector perpendicular to the plane aoij. 

Operating with x S . y 

SaySy = S(— cos^ + €sin^)y 
= S(sin^ . ey). 

But Sfiy = — cos of the angle 
between e and y = •— sin^' ; 

Sa^y = — sin^sin^! 

Now, if a, y represent as vectors the edges oa, ob, oc, 
whose lengths are «, 6, c, 

Sa^y = — TaT^^Ty sin^ sin O' 

= — ahc sin ^ sin 

But ab sin ^ = area of the parallelogram whose sides are a and 
and csin^' = perpendicular from c on the plane aob. Hence 

— — volume of a 2 ^ciralleloj)ipecl ichose edges are 

a, b and c, draion parallel to a, p and y. 

Cor, 1. Whatever the order of the vectors, the volume is the 
same ; hence, as already shown, 

± Sa^Sy = ± S^ya = ± Sya^S = 4: Say^, etc. 

Cor 2. If SajSy = 0, neither a, nor y being zero, then either 
^ = 0, or = 0, ana the vectors are complanar, . 

Cor, 3. Conversely, if a, y are complanar, Sa^Sy = 0. 

Cor, 4. The volume of the triangular pjTamid of which the 
edges are oc, ob, oa, is — -J-SaySy. 

5. We have seen that when a, p and y are complanar, SaySy= 0, 
^and therefore aJSy is a vector. To find this vector, suppose a 


Fig. 59 . 
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triangle consti’ucted whose sides ab, bc, ca have the directions 
of a, IS and y respectively, a vector not being changed by motion 
parallel to itself. Since the tensor of the vector sought is the prod- 
uct of the tensors of a, /S and y, we have to find U (ab . bc . ca) , 
its direction. Circumscribe on the triangle abc a circle and 
diw a tangent at a, represented by t'at. Since the angles tab 
and BCA ai’e equal, we have 


whence 


u?5=u^r=u^i, 

CA AT'|_ AT_^ 




9J 


U(bc • ca) = U(ab . at') [= U(ba . at)]. 

Introducmg Uab X 

U(ab .BC . ca) = U(ab . ab • at')[=U(ab • BA .at)], ^ 

or, since U (ab . ba) = — (U . ab)-= 1 , 

U (ab . BC . ca) = — U . at' = U . AT, 


Hence, if a, b, c are any three non-coUinear points in a plane, 
or if a, y are the sides of a triangle joining them, in order 
(in either dhection, since Ya/3y = Yy/Sa ) , 


a^y, Pya, yap 



are the vector tangents to the circumscribing circle at the angles 
of the triangle. 

\ Again, if a, b, c are any three points in a plane, not in a 
straight hne, and a and p are two vectors along the two succes- 
sive sides ab, bc of the triangle which they determine, and cd a 
vector drawn from c parallel to y, intersecting the circumscribed 
curcle at n, then is da parallel to Yapy = 8. For 

8 = a;Sy = a^/3y = (T;3)^a^-V = - (T|S)=|y, 


whence U , which turns p parallel to — a, turns y into a 
P 

direction 8 = da, the opposite angles of an inscribed quadrilateral 
being supplementary. 
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If y have a direction such that cd crosses ab, or the quadi'i- 
lateral is a crossed one, it is evident on construction of the 


figure that 


Ua/?y = TJ(ad) = - U3. 


Hence the continued product of the thi’ee successive vector 
sides of a quadrilateral inscribed in a circle is parallel to the 
fourth side, its direction being towards or from the initial point 
as the quadrilateral is uncrossed or crossed ; and, conversely, no 
plane quadrilateral can satisfj’ the above formula ± US = Ua/3y, 
unless A, B, c and d are con-circular. The continued product 
of the four successive sides of an inscribed quadi’ilateral is a 

scalar, for ^ (a;8y)8 = ± 8' = t dK 


Since the product of two vectors is a quaternion whose axis is 
perpendicular to their plane, while the product of a quaternion 
by a vector perpendicular to its axis is another vector perpen- 
dicular to its axis, and so on, it follows that the continued 
product of any even number of complanar vectors is genei‘ally a 
quaternion whose axis is perpendicular to then* plane, while the 
product of any odd number of complanar vectors is a vector in 
the same plane. Hence the formulae 


Sa = 0, Sa^y = 0, SajSySo* = 0, etc.. 


for complanar vectors. 

If, however, the given vectors are parallel to the sides of a 
polygon ABC MN inscribed in a circle, then 

U (aB . BG . CD MN . NA)= U (aB . BC . Ca) U (aC . CD • DA) 

X U (A3I . MN . NA) . 

But each of the products U ( ab . bc • ca) is equal to U . at, 
AT being the tangent to the circle at a. Hence 

U (ab . bc . CD MN . NA) = (U . at)", 

which reduces, according as n is even or odd, to ±1 or ±U . at. 
Hence the product of the vectors will be a scalar or a vector 
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according as their number is even or odd, and in the latter case 
this vector is parallel to the tangent at a. 

If the vectors are not complanar, but parallel to the successive 
sides of a gauche polygon inscribed in a sphere, the j^olygon 
may be divided as above into triangles, for each of which the 
product of the toee successive sides is a vector tangent to the 
circumscribing circle, all these vectors lying in the tangent plane 
to the sphere at the initial point. If the number of sides is even, 
theii’ product wiU be a quaternion whose axis is perpendicular to 
the tangent plane, ?.e., lies in the direction of the radius of the 
sphere to the initial point ; if odd, the product is a vector in the 
tangent plane. 

Hence, if a, b, c and d are four given points, not in a plane, 
AB = a, BC=^, CD = y being given vectors, and p any other 
point such that dp = o-, pa = p, if p lies on the surface of a 
sphere through the four given points, we have the necessaiy and 
sufficient condition 

apyap = poy^a, 

for each member is equal to minus the conjugate of the other, 
and must therefore (Art. 46) be a vector, 

6. From Equation (56) , 

/3y—y^ = 2Jfiy. 

Operating with V . a x 

2 V . aT/?y ^ T • a(j8y — y^) . 

Introducing in the second member ^ay — /3ay, 

=T (a/3y — ayp + ^ay — /3ay) 

= T(o^ + ^a)y — T (ay^ + ya/B) 

= T . 2(Sa^)y — T(ay H-yo)^ 

= 2ySa;8-2/3Say. ^ 

Hence 

T . aT)8y = ySttjS — /8Say .... (111).- 
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This formula may be extended. Thus, for a TOite TaS, and 

W6 

T mTaBY^y = yS(TaS)/? -^S(TaS)y, 
T»TaSTj5ys=ySaS^-^SaSy . . . . (112). 

An inspection of this sl^ws .that it^giyes^a yeetor 

complanar with y and /3, TMoVeover, since' / 

T . TaST^y = V . Yy)8TaS = SSyjSa - aSy/3S, 

it is also complanar with a and S, and is, therefore, parallel to 
the line of intersection of the planes of a, 8, and /5, y. 

Similarly’ 

T • T^SyTaS = 8S;3ya - aS^SyS = -V . YaST/5y . (113) . 
Adding Equations (112) and (113) 

SSySya — aS^yS 4- ySaSyS — )8SaSy = 0 . . (114), 

8Sa^y=aSi8y8-j8Say8+ySa^S . . . (115), 


or 


a formula expressing a vector 8 in terms of any three given di- 
planar vectors, a, /3, y ; so that, if 

Sj3yS 3= 5, — SayS = SyaS = C, Sa^SS = a, Sa^y = Wl, 

8 = m”^(6a + c/3 + ay) . 

7, Resuming Equation (111), and adding aS/?y to both mem- 
bers 

’ Y • aY^y + aS^y ySajS — )8Say + aS/3y , 

whence 

Y.a(Sj8y + Y^y) = 

YajSy = aS^y — /8Say -J- ySa^S . . . . (H^) • 

The form of this equation shows that a and y may be inter-H-* 
changed, or that Ya^y = Yy/Sa, as already shown. 

Again, replacing a by Ya/S in Equation (111), 


or 


Y . Ya^Y^y = yS(Ya/3)/3 - /3S(Ya/3)y, 

T.Ta;8TySy = -^Sa/37'J^rX • • • (H?)- 
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8. Writing YyBa/3 first as T (y « oa/S) , and then as T (y8 • ap)^ 
we have 

y(y . 8a/?) = y . y(SSa^ +ySa)6) 

= ySSa^ +y • yVBalB 

[Equation (110)] = ySa^8 +YyB^al3 —YyaSSjS +yy)SSSa. (a) 

y(y8 . a^) =y (SyS +yy8) (Sa^ +Yal3) 

= yySSa^ +ya/?Sy8 -f y . yysya/? 

= yySSa^s 4- Va^SyS -y . ya^yyS, 

or, Equation (112), 

= yy8Sajg +ya^Sy8 - 8Sa^y + ySa/?8. (b) 

Equating (a) and ( 6 ) , 

8Sa^y = y/?ySaS+VyaS/?S+Ta;SSy8 . . (118), 

a formula expressing a vector 8 in terms of three other vectors 
resulting from their products taken two and two ; so that, if 
Sa/Sy = m, Sa8 = a, S/SS = 6, SyS = c, 

3 = m'~^{aY/By -1- Z>yya + cYa/3 ) . 


Operating on Equation (118) with S . p x, we obtain, since 
S • ^yya = Spya, ^ 

Sp8Sa/?y ~ S^8gpya ~ Sa8^/^- Sy8Spa^ = 0, 

/ SaSS^^y “ S/?SSypa + Sy8S/5a/? — Sp8Sa^y = 0 . (119), 


or;v 


a formula eliminating 8. ' , 

s < 

56. Exercises. . S 

, r 

Prove the following relations : 


#1 . Sa/?y8 = SBa^y. 

^2. a^*^y = -— ay. V ^ 

i3. a-/?^= afi . /?a. ^ £ v" - 

•4. S.ya^y^y = S.a^/?y' 

5. Saj8v8 = Say8Sy8-Sa-yS/3S + Sa8SySy -SjUL (121). 

from which show that Saj8y8 = S/?/8a. 
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' p, S . Tay8VyS'=^SaSS)8y - Sa7s^S ' (122) . 

K 7. S(a + ^) (/5 + y) (y 4“ a) = 2 Sa/5y. 

^^8. a^y -|- y^a = 2 Va^Sy. w T - 

^^9 . ajSy — y^a == 2 Sa/3y . 

,10. T(aT/5y4-/5Tya4-yTa/^)=0' ‘ . . (123). 

,11. Ya/Sy + Vya)8 = 2 ySttjS. 1 ■ ' / 

42. aYjSy + jSYya + yYa/3 = 3 SajSy. ^ T i t 

43. S . Ya/3Y/3yYya = - (Sa^y)2. 

I 14. S . yT)8a = y^a — yS)8a 4- )8Sya — aS/3y . . . (124). 

^.;i5. S » Y(Ya^Y/5y) Y(Yi8yTya) T(VyaYa/5) = - (SajSyY. \ 
rtie. S[YaJ3YyS-i-YayTS/3 + TaSyj3y]=0 A. v . ' U 
17. If Saj3y = m, Sap = 0, ,Sj3p = 0, Syp = 0, show that p = 0. 
Conversely, if p is not zero, then Sa^y = 0,. 

^18, Inteq3ret p = a^^jSa, * 

We have first, directly, 

Tp = T^, 

SapjS = Saa~^^a^ ss Sj8aj8 — SjS^a = 0 ; 

/. p, a and )8 are complanar. 

Sap = Saa"^)8a = Sj3a, 

— TpTa cos ^ = — TaT/3 COS <#>, 

or, since Tp = T/3, cos^ = cos</>. 

Similarly Yap = y/3a, and sin^ = sin Hence 

6 ^ 4 >, 

and a bisects the angle between p and p. 


^19. Show that p = a^oT^ = a”^(Saj8 — "^a^S) . 

* 20. p being an}" vector, show that Y . YapYpp = osp. 

'21. If Sa/5 = — cr, show that a is perpendicular to ^ — a. ' ^ 

«22. What are the relative du’ections of a and /5, if K- = — - ' 
R R r ^ a a 

If = 
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QUATERNIONS. 


57. Examples. 

1. The altitudes of a triangle intersect in a point. 

Let (Fig. 60) ac = cb = a, ab = y. 
Fig. 60. Then vectors along c'c, b'b and a'a are 


c 



Operating with x S . yS, we have, since = 0, 


X 


Sa/B 

Sey/5‘ 


Having assumed o to he the intersection of the altitudes bb' 
and cc,' let o' be the intersection of aa' and cc; Then 


or 


AO' = AC + coj 
Zea = ^ — ic'cy. 


Operating with x S . a 

Scya Sa€y 
_ Sjgg _ Saff 
S(y — /5)er -S^ey 
_ Saff 
Scy^ 


Hence o and o' coincide, and 
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2. To circumscribe a circle about a triangle. 
Let (Fig. 61) AC = /5, cb = a, ab = y. 
Then 

jJo = — aJca, 
c'o = yty, 
b'o = — 

Operating with x S . /3 on the expres- 
sion 

AO = ^y + ^€7 = 
we have 

2Sey^ 

Operating with x S . a on 





we have 


BO' = — -J-y + = — l-a — xUa, 

Saff _ Sa/3 
2 Scya 2 ScyjS 


Therefore 2/ = ?/' and o and o' coincide. 
The radius may he found by squaring 


AO = iy-i-y€y = iy 


Sa)3 


whence 


2Sey^*^’ 

2 <? cos^c I K\ 

U *“ . ”” . • 2 ^ * 

4 4&Vsm^A 


since, if a, &, c are the tensors of a, /S, y, 

4 4 


S(ir • 2^€y) = 0, 

2^(ey)^ = -<r’ 


a^5^cos^c 
4 W sin® A 


Hence 


R=: 


Vo® sin® A -f- a®cos®c «_ 


2 sin A 


2 sin A 



no 


QITATEENIONS. 


> 3. In any triangle^ the centre of the circimscnhed circle^ the 
intersection of the altitudes and the intersection of the medials lie 
in the same straight line; and the distance betiveen the last tioo 
points is tivo-thirds of the distance between the first tico. 

Let M (Fig. 62) be the intersection of 
rig.G2. the medials, a' that of the altitudes, and 

c the center of the circle. 

Then, from Ex. 5, Art, 11, where cp 
(Fig. 11) is given in terms of the adjacent 
sides, we have 

AM = i(/3+-y). 

Froni Ex. 1, Ai’t. 57, 




and, since, as vectors, they are multiples of each other, and have 
a common point, they form one and the same straight line, 

4. To find the condition that the jperpendiculars from the angles 
of a tetraedron to the op 2 oosite faces shall intersect. 

With the notation of Fig. 52, the perpendiculars from a and b 
on the opposite faces are 

T^y and Yya. 

Jf they intersect, at p say, then must a, b, p lie in one plane. 
Hence, Art. 55, 4, Cor. 8, 


S [ (^ — a) VjSyTya] = 0, 
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or 

S (yS - a) [S • V^yVya + T . T/5yTya] == 0, 

S (/S — a) V . V/5yTya = 0. 

Fig. 52 (bis). 

But, Equation (117), 

V • VySyVya = — yS/3ya ; 

. * . — (S)Sy — Say) S/Sya = 0, 
or 

Sy3y = Say. (a) o 
From the figure, we have 

BC2 + OA2 = (y-^)2 + a2 

= y2-2SyiS + /5'-ha^ 
or, from («)i =/ — 2Say 

= (y — a)® + /3^ 

= AC^ + OB®. 

Hence the condition is that the sums of the squares of each pair 
of opposite edges shall he the same. 

5. Interpret Equation (118), 

SSa^y = Y^ySaS + YyaS^SS + Ta^SyS, 

under the condition that a, y3, y be complanar with 8. 

If a, jS, y are complanar, Sa^y = 0, and therefore, 8 being in 
or out of the plane, 

SaST^y + S^STya + SySTa/? = 0. (a) 

If 8 be in the plane, we have for any foui’ co-initial lines 

OA, OB, OC, OD, 

sin BOG cos AOD -f- sin CO A cos bod + sillAOB cos COD = 0, 
and, for a line peipendieular to od, 

sinBOC sin AOD + sincoA sin bod + sinAOB sin cod = 0.''^ 



If 8 is perpendicular to the plane, the terms in (a) vanish 
separately. 

PRCPERTY r‘F 

CAMIuiE u,' 

LIBRARY 
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QUATERNIONS. 


6. If Z he the angles made hy any line op loith three 

rectangular axes^ then 

QOS^X + cos^ T + cos^.^ = 1. 


From Equation (67) 


whence 


ip = xi^ -f- yij zik s=s X + yk zj, 

(^ipy:=x^. 


Operating in a similar manner with S . J x and S . A; x we obtain 

-p2 = (Sfp)^ + (Sip)^ + (S^p)^ 

If Tp = r, then p^ = — r^, Sip = ~ r cos X, etc. Hence 

op^ = op^ (cos^ X -H cos^ Y + cos^ Z ) , 
r 

cos^X + cos^F + cos^Z= 1. 


^Applications to Spherical Trigonometry. 

Let ABC (Fig. 63) be any spherical triangle on the surface of 
„ , a unit sphere whose center is o ; a, B, y 

Pig, 63. - . ^ T r'T r 

c' bemg unit vectors from o to the vertices. 

^ The sides ab, bc, ca represent versors 

^ whose angles are c, a, 6, and axes are 

o^' = a; 0B'=i8'; a; /5; y 
being unit vectors to the vertices of the 
X polar triangle whose sides are aj h[ c\ 

f ^ the supplements of the opposite angles 

a' a, b, c of the triangle abc. 


7. We have first 


y a 7 
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Taking the scalars, we have [Equation (90)], 


But 


and 


S 3 CL B a 

S-=S- S- + S .T-T-. 

y ay ay 

B B a 

S-s=cosa, S- = cosc, S*- = cos&, 

y a y 

S . V^Y^ = S(sinc . 7 ')(sin& • 

= sincsin6 
= — sine sin 5 cosa^ 

= sine sin& cos a. 

Hence, in (a) , 

cosa= cosc cos6 + sine sin& cos a. 

By a cyclic permutation of the letters in (a) , we obtain 


Whence, as before 


y_y 

a jS a 

S^ = sls^ + 8.Th^i 

a Pa pa 


or 


COS b = COS a COS c 4- sin a sin c Sa^y^ 
in which Sa'y^ = — cos V == cos b. 

. • . cos & = cos a cos c + sin a sin c cos b. 

Similarly, or directly by cyclic permutation in (c), 

cos c = cos b cosa 4- sin b sina cosc. 

From the relation 

a' 

7~ a' 7 

may 'be deduced in like manner 

— COSA = COSC cosB -- sinc sinB cosa. 


(&) 


( 0 ) 
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QTJATEENIONS. 


8. Resuming the equation 


a 

y ^ y 

of the last example, and taking the vectors, we have [Equa- 
tion (91)], 


But 


T-=S-T- + S-V-+y . T-T-- 

y a y y OL ^ y 


J 


(a) 


Y- = — a'sina, 

y 

j 3 d 

S-V- = cosc(/3'sin&)=coscsin& • /3J 
a B 

S~Y~ = cos6(y'sinc) = cos5sinc . y\ 

B CL 

Y . Y-T-= Y(y'sinc) (^'sin&) = sine sin &Yy'jS' 

a y 

= sin c sin & ( —a sin a') = — sin c sin sin a . a. 
Substituting in (u), 

— sina . a^=cosc sin 6 . )S'+cos6 sine • y'— sine sin & sin a - a. (b) 
Operating with X S # y'”S 

a' y' a 

— sin a • S “7 = cos c sin 5 4- cos & sin c S~, — sin c sin 6 sin a S 

y y y y' 

in which 

s — , = COSO' = — COSB, 

y 

k 

S~ = — COSA, 

y 


Hence 


S = 0, since a and y' are at right angles, 
sin a cos B == cos & sin c — cos c sin b cos a, 
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and in the same manner, or by a cyclic permutation of the letters, 


sin h cos c = cos c sin a — cos a sin c cos b , 
sin c cos A = cos a sin & — cos & sin a cos c. 

9. Operating on Equation (5) of the last example with 
X V . instead of X S . y'"\ 

— sina V = cos c sin 5 V — , + cos 6 sin c V^ — sine sin 5 sin a V — 


But 


Y -, = ^sin6' = /8sinB, 


Fig. 63. 


c' 


& . I 

yiL. — -«asina' = - 

y 

yf = 0. 


• a sin A, 



Substituting these values 

— sin a sin B , = — cos c sin & sin a . a 

a 

— sin c sin & sin a . V-; 

Operating with x a“i, and substituting for 

- = cos c + y' sin c, 
a 

we obtain 

— sina sinB cose — since sins sine . y' = — cosc sinb sinA 
— sine sinb siiiA • yl < 

Equating the scalar or vector parts, we have in either case 

sina siuB = sin a sinb, 
or 

sina ; sinb : : sinA ; sins. 

The formulae of the preceding examples have all been deduced 
from the equation ^ ^ product as well as the quotient 

may also be employed, as follows : 
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QTJATEENIOKS. 


10. Assuming the vector product 
ya/?T^y, 

and taking the vector part, we have [Equation (117)], 


V.Va/?T^y = -^ajSy. (a) 

But 

V . Ta/5T/5y = T(y'sinc) (a'sma) = sine sin a sins • p, 
and, Art. 55, 4, 

Sa^y = — sine sin^' 


being the angle made by oc with the plane of e. Substituting 
in (a), 


Fig. 63. 


sine sin a sins • /5 = sine sin^' . /?, 
or 



sin^' = sin a sinn. 

By permutation, from (a) , 

V • TyaYa/B = — aSya^ = — aSaySy, 


sin5 sine sinA . a = sine sin^' . a, 
sin^' = siu5sinA, 


Equating these values of sin^( we have, as in Example 9, 


sin a : sin5 : : sink : siuB. 


^11. Let Pa, Pi, Pc represent the arcs drawn from the vertices 
of ABC perpendicular to the opposite sides. 

Resuming Equation (a) of the preceding example, and taking 
the tensors, 

TY • \a^Y/Sy = SaySy = sinc sin Pel 
= SjSya = sin a sinp«, 

= Sya/? = sin b sinpj, 
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and, taking the tensor of T • YajBY^y from the last example, 
sine sin a sins — sin a sinp^ = sin& sinpj = sine sin 


or 


sin Pa = sine sms, 
sine sin a . 

sinpj = — — sinB, , 

sm6 

sin Pc = sin a sins. 


12. Shoio that if abc, a^b'c' be two trUrectangular triangles on 
the surface of a sphere^ 

cos AA' = cos BB ' cos CC' — COS B^C COS BC; 

the triangles being lettered in the same order. 

Let a, /5, y, a\ y' be the rectors to the rertices. These 
being at right angles, in each triangle, we have 

cos aa' = - Saa' = - S . Y^yY^'y\ 

or, Equation (122), 

cos aa' = S/5/5'Syy' - S^S'yS^y' 

= COSBB' COSCC^ — COSB^C COSBC'. 

[The vectors of Equation (122) are arbitrary, but we may 
divide both members by the tensor of the product of the vectors, 
so that 

S(TUa^TUyS) =SUa8SXJ^y - SUaySU/38, 
for the unit sphere.] 


13. Let ABCD be a spherical quadrilateral whose sides are 
AB = a, BC = 6, CD = c, DA = d, the vectors to the poles of these 
arcs being a, /3[ y[ 8' respectively. Then 


Vay5 = a'sina, 
Vy8 = y'sinc. 
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QUATEENIOKS. 


From Equation (122), 

S . TaySYya = 8aSSj8y - SaySjSS, 
or 

sin a sin c Sa'y' = ( — cos da) ( — cos bc) — ( — cos db) ( — cos ac) . 

But Sa'7' = — cosL, L being the angle formed by the arcs ab 
and CD where they meet, the arcs being estimated in the 
directions indicated by the order of their terminal letters. 
Hence 

sinAB sin CD cosl = cosac cosbd — cos ad cosbc, 
a formula due to Gauss. 

14. Retaining the above notation, abcd being still a spherical 
quadrilateral, denote the angles at the intei'sections of the arcs 
AB and CD, AC and db, ad and bc, by l, m and n respectively. 
Then, from Equation (125), 

S[Ta^Yya + Yayn/3 -f Ya8Y/?y] = 0, 
we have identically 

siuAB sin CD cosl + sin ac sIhbd cosm + sin ad sinBC cosn = 0. 

Were the points a, b, c, d on the same great circle, the angles 
L, M and N would be zero, and the above reduces to 

sinAB sin cd + sin ac sin bd + sin ad sin bc = 0, 

and for a line oaJ perpendicular to oa and in the same plane,, 
dropping the accent, we have 

eosAB sin CD + cosac sinBD + cos ad sinnc = 0, 
which are the results of Example 5 of this article. 
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58. General Formulae. 

1. We have seen, Equation (86), that SS = SS and T2 = 2V ; 
but (Art. 50, 4) that 2T is not equal to T2, nor 2U to U2. We 
have also seen. Equations (96) and (97), that TEE = LET and 
Un = nU ; but Sn is not equal to nS, nor YLE to nV r fbr, 
1st, sn is independent of the factors under the 11 sign, provided 
the product remains the same, while nS is dependent upon 
them ; and, 2d, because (Art. 55, 5) IIT is not necessarily a 
vector. 

2. Resuming Equation (92), 

Srg = Sgr, 

and, since r is arbitrary, writing rs for 7*, we have, by the asso- 
ciative law (Art. 52), 

S()-s)3 = S3()-s), 

Sr(s?) = S(s 3 )r, 

= Sagr = Sgrs .... (126), 


a formula which may evidently be extended. Hence, the scalar 
of the product of any nxcniber of quaternions is the acme, so long 
as the cyclical order is maintained. 

3. Let p^ g, 7% s be four quaternions, such that 


qr =ps. 

Operating with Kgx , 

Kg . qr = (Kg . q)r^ (^Kg)?’ = Kg • pa, 
since conjugate quaternions are commutative. Hence 
{IqYr^^q.ps, 


(a) 


or 


Kg , ps 1 


(127). 


Operating on {a) with xK?', we have 
qr . K?* = ps . Kr, 
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QFATEENIONS. 


or 

g(Tr)^ =psKr, 

3==^5 = 2?sEr = i)Sj7 . . . (128). 

Hence, in any equation of the products of two quaternions^ 
the first factor of one member may be removed by icriting its con- 
jugate as the first factor of the second member^ and dividing the 
loiter by the square of the tensor^ or simply by introducing the 
reciprocal as the first factor in the second member, substi- 
tuting the word last for firsts the above rule will apply to the 
second transformation. 


4. Resuming, for facility of reference, the equations 


e = | = ||(cos</) + €sin^) = Tg. Ug-^Sg' + Tg-, (^) 


1 S TS 
Ta 

K? = ^ (cos^ - esm<j>) = Sq- Tq, 

we observe directly that 

S^ = S(Tg.IJg) = Tg. SUg 
Yq = TYg • UTg = Tg . YUg 
TYg = Tg • TYUg = TYKg . 


(-B) 

(c-) 


(129), 

(13P), 

(131). 


5. It has been already shown (Art. 54, Fig. 40) that 
(Ta)®+(T/8)2= (Ty)S and (Art. 54, Fig. 42) that Ta=Ty .cos,^, 
T/3 = Ty . sin 1 ^ ; and therefore 

(Ty)2 C03^<f, + (Ty)® sin®<^ = (Ty)^ 

or 

sin^<^ + cos®^ = l. 

Hence, from Equations (44)-, 

(STJff)’*4-(TTUg)'=l .... (132). 
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This important formula might have been written at once by 
assuming the above well-known relation of Plane Trigonometry. 

6. From Equations (129) and (131), we may write Equa- 
tion (132) under the form 

(^qy + {TYqY = (Tqy (133), 

or, from Equation (107), 

(Sg)2 - (Yqy = (Hqy = (S^)^ +(TTg)2 . (134), 

since = — 1. 

7. Comparing (-4), (B) and (C), 

SU2 = Sui==SIIi:? . . . (135), 

TTUg=sTTui = TTUK9' . . (136), 

and from Equations (129) and (135), 

Sg = Tg. SIIg = Tg^. SU^ = Tg. SUKg. . (137). 


8. Since Tg = TKg, we have 

Tg.TKg = (Tg)- (138), 

and Tg being a positive scalar, 

KTg = TKg (139). 


As exercises in the transformation of these and* the following 
symbolical equations, some of the results already obtained will 
be deduced anew. Thus, to prove that T(gg^) = TgTgS whence 
T . g® = (Tg)^, we have 

(Tgg')^ = {qq^)^(qq^) Equation (107) 

=: gg'Kg'Eg Equation ^99) 

= 3(?'Kg')Kg = (Tg')®3Kg \s% » 

/. Tgg' s=TgTgi 
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QUATERNIONS. 


9. Substituting for S^' and TV^ their values from Equations 
(79) and (131) 


(SK?)2 + (TVKg)^ = (Sg)2 + (TV$)2 . 

. (140). 

10. Eesuming from Art. 51, 1, the expressions 

Yrg = SrVg + SgVr + V . VrTg, 

(a) 

Vgr = SgVr + SrVg + V . VgVr, 

' (6) 

8qr=fiqSr+S .Yq\r, 

(c) 

we have, by adding and subtracting, 

Yqr + Vrg = 2 SgVr + 2 S?Tg | 
yqr--Yrq^2\ .YqYr J * * ‘ 

• (141). 

And, if ^ = r, from («) and (c) , 

Y.^-2SqYq | 

S.ff^ = (S5r + (Vs)M . . . . 

• (142), 

whence 

<f = {^f + 2SqYq + iYq)^. . 

. (143). 

Dividing Equations (142) by (Tq)^ 

SU.q' = (SUq)'*+{TlJg)M 
TU.q'=2SUq.TUq ) ’ ' ' 

• (144), 

since, evidently, 

S . 5® = (Tq)2SU . (f\ 

Y .<f = {T:qyYV .(f) 

. (145). 

Again, substituting in the second of Equations (142) the value 

of (Vq)^ from Equation (134), we have 

S . s*=2(Sg)*-(Tq)= . . . . 

. (146>, 

and dividing by (Tq)^ 

SU . q=-2(SUq)“-l 

• (147). 


Substituting (Sg)® from the same equation 

S . g2:^2(Vg)® + (Tg)2 . . . 


. (148). 
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Equations (146) and (148) may be wiitten 

(S + T)^2^2(S^)- and (S - T)^^ = 2(Yg)2. 

Introducing in (a), or (6), the condition that q and r are 
complanar, we have, after substituting versors. 

Wqr = TUgSUr + TUrSUg, 

since, under the condition, T(WqTCr) = 0. 

Taking the tensors, since g and r are complanar, 

TYUgr = TTUgSU?* 4- SUgTYUr . . . (149), 

and, interpreting. Art. 51, 6, 

sin(^ 4 ^) = sin^ cos cji) 4 cos ^ sin <#>, 

Introducing the same condition of complanarity in (c) 

Sgr = SgSr — TVgTVr, 

or, substituting versors as above, 

SUgr = SUgSUr-TVUgTYUr . . . (150), 

or, interpreting, 

cos (^ 4 <^) = cos $ cos — sin sin 6, 

^1. Putting Equation (146) under the fbrm 



and writing Vg for g, we have 

sVg = ViTSg4W) .... (151). 
12. Taking the tensors of the first of Equations (142) , we have 
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and wilting Vi for q 

r- TVg 

or, by Equations (133) and (lol)^ 


TY 


whence 




i(T3+Sg) ’ 


TY . Vi = Vi(T<? - S 9 ) (152) , 


and 

(TY:S)Vi=^^^ (153). 

'h' 

^ 13. From the definition of the powers of a quaternion, we have 

= (qn) , , . . (154). 


Hence, since q = Tg . Ug, Tn = IIT and IJn = nXJ, 

Tg**" . Tq”* =5 1, Uq“”‘ . Ug”* =1 . . (155) . 

Also, because — XJKq”, 

^ xjg-'"— Tg-’" . UKg”‘ = Tg“2»»Kg”*, 

or, since Kpg = KgKp, writing pq for g, and making m = 1 , 

' (pg)-^ = T(pg)-2Kpg = T(pg)-’KgKi> 

= T(pg)“'^(Tg)^(Tp)-g"'^p“^ 

Or 

(156), 

^7^e reciprocal of the product of two quaternions being equal to the 
product of their reciprocals in inverted order. 

This fonnula may be extended by the Associative principle, b}^ 
a process similar to that employed in the deduction of Equation 
(126), so that if n' represent the product of the same factors as 
those of n, in reverse order, 

(IIg)“i=:n'g-^ 


(157). 
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The equation 'K.pq = KqKjo may be deduced without reference 
to spherical arcs. For, Art. 44, any two quaternions can be 
reduced to the forms ^ whence 

a ^ 

pq = 1, or pq. a. = y, p^ = y, 

and therefore 

Kp .y = Kp ,p^ = CKp . p)l3 e {Tp)% 

Now 

(KqKp)y=Kq(Tpyi3 = {TpyKq . IB 

= (Tp)2Kg . qa^{Tp)\Tqya = {Tpqya 

Kp)q •pq • a = • y 

Kpq = Kq'Kp^ 

J 

which, by the Associative law, gives 

i:n = n'K (158). 

14. Show that K(— g) = — Kg, 

15. Show that 

T(25 + 3)* = (25 + 3l(Ki) + Ks') ^ 

-a = (T2))“ + (T3)= + 2 S . 2 jK 5 T ’ v'C 

= + (Tg)2 + 2 TpT^SU . pl^q X P • 

= (Ti5 + Ts)*-2Tj>Tg(l-SU 

and therefore that T(j9 + g) cannot be greater than the sum or 
less than the dilference of Tp and Tg. 

16. Show that gUYg”^ = TVg — SgUTg. 


59. Applications to Plane Trigonometry. 
1. For formulae involving 2^, let 

g = Tg(cos2^ + €sm2^). 

Vg = g' = VTg(cos^ + €sin^). 


Then 
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From Equation (142), S . 9“ = (S$)® + (T9’)®, we then have 

s? = (8?')- + (V)S 

or, dmding out Tg, 

SUg = (SUg')® + (TUg')^ 

and, interpreting, 

cos 2^ = cos®^ — sin-^. 

Again, from Equation (147), SU . g^= 2(SUg)®— 1, 

SIIg=2(SUg')^-l ; 

whence 

cos2d = 2cos®d— 1. 


Again, from Equation (142), V. g®= 2SgVg, 
Vg = 2Sg'Tg', 

or, dividing out Tg and e. 


whence 


TVUg = 2SUg'TTUg' ; 
sin 2 ^ = 2 cos 6 sin 6. 


2 . Resuming Equations (149) and (150), 

TVUgr = TTUgSUr + SUgTTUr, 

SUgr = SUgSUr - TTUgTYlTr, 

which have already been interpreted as the sine and cosine of 
the sum of two angles, and writing for 

r = Tr(cos.^ + esin^), r-> =—(coa<f>-csm<l>), 

g and r being complanar, we have 

TTlJgj'-i = TVUgSUr-SUgTTUr . . (159), 

SUgr"^ = SUgSUr + TTUgTYOr . . (160), 
or, interpreting, ’ 

sin (^ — <^) = sin^ cos.^ — sin^cos^, 
cos — = cos6 cos ^ + sin^ sin 
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3. Adding Equations (149) and (159), 

TITq}- + TTUq}-* = 2 SUi-TTUg, 

in which, if qr = p, qr-^ = t, q = -Vpt, r = VijP(Art.58, 3), 

TTUjp + TTU< = 2SlJ(VpP)TTU(y2^) • (161), 

or 

sin X + sin ?/ = 2 cos ^ (a? — ?/) sin | {x + y ) . 

Similarly, by subtracting the same equations, 

TVU^r - TVUgr-i = 2 SU^TVUr, 

TTUp-TTO = 2SU(Vi)0TVU(y^') . (162), 
or 

sinoj — siny = 2 cos|-(a? + y) sin4-(a; — y) , 

4. From Equations (150) and (160), by addition and sub- 
traction, we obtain, in a similar manner, 

SUi}-hSU^ = 2SU(VirOSU(y^') . . . (163), 

and 

SUi> - SUi = - 2 TVU( Vi70TTU( VjP) , 

whence 

cosif-fcosy = 2 cos^(aj-f- 2 /) cos4'(i» — y), 
cos?/ — cosa; = 2sin^(a?-|- y) sini(a? — y). 

5. Resuming Equation (152), 

TYVi = Vi(T9-Sq), 

it may be put under the form 

2(TVUVi)® = l-STJ2, 
or 

2sin®^^ = l — cos^. 

and, in a similar manner, from Equation (151), 

SVq=Vi(Sg + Tg), 

2(SUA/g)‘* = SUg+l, 
or 

2cos'®^^=l-fcos^. 
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6. From Equation (142) 


or 


(17:8)5^ = 


2SgTVq 


(85)=“+ (Tq)* 

2TV5 (85)=“ 

Sq ‘ {Sqy-{l!\qy 


2(TV : 8)5 
1- [(TV : 8)q]2’ 


tan 25 


2 tan 5 
1 — tan^5* 


And, in a similar manner, 
cot 2 5 


eot^5— 1 
2cot5 


y. 

7. From Equations (90) and (91), g and r being complanar, 


Sgr = SgSr + S . VgVr= SgSr~TVgTVr, ^ 

TVqr = SqTVr + Sj-TVq, *' 


we have, by division. 


or 


Also 


or 


(TV: S)gr 


SgTYr+ SrTVg 
SgSr-TVgTVr 
(TV: S)r + (TV: S)g 
1-(TV: 8)g(TV: 8)r’ 


tan(^ + 4>) 


ta,n<t> +tan^ 
1— tan<^ tan^' 


(TV: 8)5?-' 


(TV: S)5-(TV: S)r 
1 + (TV: 8)5(TV: 8)?-’ 


l + tan5 tan<;f> 


8. Adding and subtracting 


(TV:S)p 


/ipY • c\ f 

Si?’ 
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we have 


(TV:S)i)±(TT;S)« 


TVpS# ± TTiSp _ TVUpSlJi ± TTUeSUp. ■ ^ 

r* t'lWT - C«-rT_t ^ 


or 


SpSit 8 Ui)SU« 

Hence, from Equations (149) and (159), 

(IT:S)j±(1T:S)< = ^', 

tana; ± tan 2/ = — ^ • 

cos a; cos^ 

By a similar process, 

. , A sin (y ± x) 

cota; ± coty = : : — -• 

sin a; sin 3 / 

9. From Equations (161) and (168) 

TTUp + TTUi 

^ SUp + sut 


whence 


or 


or 


2 suypr 

r- ^ . r- TTUp + TTUJ 

Cmi:SO)ypi=(TT:8)yp — 

cosaj + cosy 

And, in a similar manner, from Equations (162) and (163), 
(TT:S)y^ = 5^5£z™, 

tanKa>-y) = !iH:i^. 

cosa! + cos2^ 
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10. Similar formulae may be deduced for functions of other 
ratios of an angle. Thus, from Equation (90), writing rs for 
7% and making ^ r = s all eomplanar, we have, by Equation 
(142), 

S . (f = {^qy-BSqiTYq)\ 
or 

cos 3 ^ = cos® ^ — 3 cos^ sin®^, 
or, under the more familiar form, 

cos 3 ^ = 4 cos® ^ — 3 cos $, 



CHAPTER III. 


Applications to Loci. 


60 . Any vector, as p, may be resolved into three component 
vectors parallel to any three given vectors, as a, /?, y, no two 
of which are parallel, and which are not parallel to any one 
plane. Thus 

p = aja -f- + 2!y (164) 

refers to any point in space. 

If the variable scalars a?, 3 /, z are functions of two independ- 
ent variable scalars, as t and w, p is the vector to a surface, 
which, if the functions are linear, will be a plane. We may, 

therefore, write , , , , 

P = <l>(t,u) (165) 


as the general equation of a surface. 

If a;, y and z are functions of one independent variable scalar, 
as p is the vector to a curve, which, if the functions are 
linear, becomes a right line. We may, therefore, write 

(166) 

as the general equation of a curve in space. 

If a, y are complanar, we may replace either two of the 
vectors in Equation (164) by a single vector, in which case 
contains but two variable scalars, functions of ^, and 
is the equation of a plane curve, or of a straight line if the func- 
tions are linear. 

The essential characteristic of the various equations of a 
straight line is that they are linear^ and involve, explicitly or 
implicitly, 07ie indeterminate scalar. 
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6L Assuming 

p = a?a + 2//^, (a) 

in which x and y are variable scalars, functions of a single vari- 
able and independent scalar, as as the general form of the 
equation of a plane curve, b}' substituting in any particular case 
the known functions ^c=/(^), ov x—f\y)^ we may 

avail ourselves of the Cartesian forms and apply to the resulting 
function in p the reasoning of the Quaternion method. 

For example, suppose a and are unit vectors along the axis 
and directrix of a jDarabola, the origin being taken at the focus. 
In this case we have the Cartesian relation 

2/2 = 2^90; -hiA (&) 

or, substituting in (a), 

as the vector equation of the parabola. 

Or, again, a and 1^ being any given vectors parallel to a diam* 
eter and tangent at its vertex, 

P = (c) 

is the vector equation of a parabola, in terms of a single inde- 
pendent scalar t* 


62 . Let /(a;) be any scalar function as, for example, 


Then 


/(a;) = aj2, 

d [/(oj)] = 2xdx = [_f{x)']dx. 


If, however, /(g) be a function of a quaternion g, as, for 
example, in the above case, 


then 


f{q + dq) = {q+dqy = ^ + qdq + dq . g+(dg)^ 
^^\.f{q)'\ = qdq + dq . q, 
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which cannot, however, be written 2qdq, because of the non- 
commutative character of quaternion multiplication. We can- 
not, therefore, write, in general, 

cZ [/(?)] = [/'(?)] d?, 

or form, as usual, a differential coefficient. Since vector, as 
well as quaternion, multiplication is non-commutative, the same 
is true of the differentiation of a function of a vector. ThuS; if 

/(P) = P^ 

^[/(p)] = P^P 4* dp . p, 

and in order to write d[/(p)]=:[/'(p)]dp, it would be necessary 
to determine a vector cr, such that adp =:dp • p, or 

cr^dp 0 pdp~^^ 

or, if € be the versor of dp, since the tensors cancel. 


cr = €p€“^ ; 

that is (Art. 56, 18), we must have p, c and cr complanar, or 
T€or = Y pc. Since complanar quaternions are conmiutative, if q 
and dq are complanar, or if dq or dp is a scalar, this peculiarity 
of quaternion and vector differentiation disappears. In this 
case, dq and dp being scalars, f(q) or /(p) are quaternion or 
vector functions of scalar variables, to which the ordinary rules 
of differentiation are applicable. In fact we have only to assume 
such a function, as 

p = -}“ X^^q!^ -j- -f- ^Xd = ? 

in which a', a”', are constants and the only variables are 

the scalar multipliers, to see that the* vectors a^ a'” are 

to be treated as constants and the usual rules of differentiation 
applied to the scalar coefficients. 

Such equations, then, as those of the parabola, (5) and (c), 
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Art. 61, in which a and /? are given constant vectors, may he 
differentiated as usual. Thus, from 

p = -a-h 

we have 

p and p' being any two vectors to the curve, 

p'—p = Ap 

is the vector secant ; so that when p and p' become consecutive, 
and the secant a tangent, 

dp = {ta -{- ^)dt 

is a vector along the tangent to the curve at the point corre- 
sponding to t. The vector to this point being - a + and x 

£4 

any variable scalar, we may write the equation of the tangent 
line at that point 

/> = ; 

for any given point, x being the only scalar variable. 

1-^63. It has been seen that the usual definition of differential 
coefficients is inapplicable to quaternions in general, for this 
definition involves the commutative property of multiplication, 
which is not, in general, true of quaternions, nor of the vectors 
to which they may degrade. It becomes necessary, therefore, to 
give a definition of differentials which shall not involve this prop- 
erty, 3 ^et which shall also be true of quaternions which degrade 
to scalars, and therefore be equally applicable to ordinary scalar 
quantities. 

If p =/(^), such a definition is involved in the formula 

+ • • ( 167 ), 
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for, let/(g, r, s, ) = 0 be aii}' relation between a system of 

quaternions g, r, 5, , and let Ag, Ar, As, be finite and 

simultaneous differences, so that g+Ag, r + Ar, s + As, 

satisfy the relation /(g, ?•, s, ) = 0. Then in passing from the 

new system g + Ag, to the old system g, , the simul- 

taneous differences can all be made to approach zero together, 
since they all vanish together. If, while these difiTerences Ag, 
Ar, thus decrease indefinitely together, they be all multi- 

plied by the same increasing number, the equimultiples wAg, 

nA?’, may tend to finite limits, and these limits are defined 

to be the simultaneous differentials of the related quaternions g, 
r, s, , and are written dg, d?’, ds, Simultaneous differ- 

entials are, therefore, the limits of equimultiples of simultaneous 
decreasing differences. If, then, in A j? = /(g -f Ag) —/(g), 
while the finite differences Ap, Ag be indefinitely decreased, they 
be multiplied by a number, ultimately to be made infinity, 
so that 

nAp = n lf{q +Aq) -/(g)] , 

and we pass to the limit, writing dp for ?iAp, and dg for 7iAg, 
we have 



a formula for the differential of a single explicit function of a 
single variable. 

If 

clQ n[JP(g-|-?i-Mg, r+n'^dr, )-F(q, r, )] (168). 

In these formulae, dg, d?’, are any assumed variables, no 

reference having been made to their magnitudes, and n any 
positive whole number conceived so as to tend to infinity. To 
show that these differentials need not be small, as also the ap- 
plication of the formula to the differentiation of ordinary scalar 
quantities, let 
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then 

iy + Ai/) = {x-jrAx)-, 

whence, as usual, 

A 2/ = 2a? A it* + (A a?)^ 
or, n being a positive whole number, 

?i A 2/ = 2a?)i A a? + n~^{n A a?)^ 

If, now, the differences Ay and A a? tend together to zero, 
'while 91 increases and tends to infinity in such a manner that 
91 A a? tends to some finite limit, as «, we have, for the other 
equimultiple 7i A ?/, 

91 A 2 / = 2 a?a + 9i"^ a^. 

But, since a, and therefore a-, is finite, n~^ci^ tends to zero, 
and, at the limit, nAy = 2a?a. Hence the limits of the equi- 
multiples 91 A a? and nAy are respectively a and 2a?a, and 
dx^a^ dy=^2xa by definition; from which 

dy 2 xdx. 

For a vector function we should write 

= + . . (169), 

and for a scalar function, p = ^ (^) , 

= = + . (170), 

in which latter t and dt are independent and arbitrary scalars. 

64 . As a further illustration of the definition, let 


p==cf>{t) 
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be the equation of any plane curve in space, and op = p (Fig. 64) 
a vector from the origin to a point p 
of the curve ; t being any arbitrary sea- 
lai’ representing time, for example ; so 
that its value, for any other point p' of 
the curve, reiDresents the interval 
elapsed from an}’ definite epoch to the 
time when the point generating the 
curve has reached p' 

If p' be the vector to p; then ^ -P' 

p'— p = pp'= Ap 

is strictly the finite difference between p and pj and, if the con’e- 
sponding change in t be At, 

pp'=(p + Ap)-p = Ap=<^!.(if + AO-<^»(0 = A<^>(0; 

where op'= + A f) , and A f is the interval from p to p! 

In ^ A p would have reached some point as p", for which 
op"= + ^A ^), on the supposition that pp" is described in 
A f . On the basis of this closer approximation to the velocity 
at p, p would have been found at had this veloeit}’ remained 
unchanged, such that 

pp"= 2 pp''= 2(op^'— op) = -h^A t) — 

For a closer approximation to the vector described in A t with 
the velocity at p, suppose at the end of A ^ the point is at p'", 
for which op'"= + ^A0- Under this supposition, the vec- 

tor described in A t would have been 



Piy"== 3 pp'"= 3 (op'"- op) = 3[^(if + iA 0 - <?5>(0] . 


and, at the limit, representing the multiple of the diminishing 
chord by dp, 
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65. Resuming Equation (167), 

dp = df{q) = [/(ff + n-Hq) -/($)], (a) , 

the second member may be written /(g, dq ) , but not, as ordi- 
narily, f{q)dq. 

In /(g, dg), dq may be composed of parts, as g' g", q"\ , 

with reference to which /(g, dq)=f(q, q'+q^^+ ) is distrib- 

utive. To prove this, let 

dg = g'+g"; 

we are to prove that 

q ”) ==/(^y, ^0 "H/Cg, g") . 

Since before passing to the limit, the second member of (a) 
is a function of n, g and dg, we may express this function by 
the symbol /^(g, dg), and write 

f{q, dq) = nlf{q + n'^dq) -/(?)]=/„(?, dq) , 
or 

f(q + n-^dq) =f{q) + n-^f^{q, dq) . 

Replacing dg by g' and q” in succession, we have 

f(q + n~^q')=f{q) + n-^f^{q, q'), 

/(? + «■* 3") =/(3) + «■*/„ (« , ?") , 

and, following the same law of derivation, 

f(q + n-^q"+ iv^q') =f{q + nr^q") + w-'/„(g + q ') , 

/(3 + n-^q'+n-^q") =f{q) + n-V„( 5 , q'+ q ") , 

from which 

/.(3) 3'+3")=/«(3> 3") +/.(3 + »i'^3''. 3')^ 
the limiting form of which, for n = oo, is 


/( 3 ) 3 '+ 5 '')=/( 3 . 3 '')+/( 3 ) 3 ') • • ( 171 ), 
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which may, in like manner, be extended to the ease of 
dq = q'+q"+q'” + 

It follows from the above that, it p= f{q, xdq), 

f(q,xdq) = xf{q,dq) . . . . (172). 

If Q = F(q^ r, ), whence, Equation (168), 

dQ = dlF{q,r, )] 

= ) - nq, »•, ) ] . 

the last member will be a linear and homogeneous function of 

dg, dr, , and distributive with reference to each of them. 

Hence, to differentiate such a function, we do so with reference 
to each factor, and take the sum of the results obtained, as usual ; 
taking care, however, not to make use of the commutative prop- 
erty. Thus d(gr) = dg • r + gdr, but not rdg + qdr. 

66. When g is a function of any variable scalar represent- 
ing time, for example, then, if t be given a finite increment A 
for which the corresponding one of g is A g, we have 

A g = A -f- A ari -}- A yj A zk\ 

and, if the several parts of the quaternion vary continuous!}^ 
with the independent variable at the limit we may form, as 
usual, the differential coeflicient 

dg _ dw . dx. , dy . . 
dt dt dt ^ dt^ dt 

The successive differential coefiScients, as also the partial ones, 

when ) , are derived from the quadrinomial form in 

the same manner. 
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67. Examples. 

1. To find cZT^. 

dig ^ d\Jv^ -f f -^%^ 
dt dt 


fTt^. I ' Jj. ' ^ ,1± ' 


dt 


dt 


dt dtj 


or 


1 ^ dq^ 

= — S . ~Kg = S 
Hq dt ^ 


= TgS 


dq 1 
dt VqTq 


dq UKgTg 
di Tq 



(TTq _ dt 
'dt~^Vq' 


2. (HpY^-pK 

The first member being a scalar, we have 
2TpcZTp. 

From the second member 


- p'l 7' 
= limit pdp-{-dp . n-^{dpy 
= pdp 4- dp . p = 2 Spdp. 

Equating 

TpcZTp = — Spdp. 

From this we may obtain 

(JTp = - S . Updp = S^V? 0 f' / 

Tp ~®p' 

3. To find dJJq. We have 

TqVq = q ; 
dTg . TJg 4- dllg . Tg = dq, 



APPLICATIONS TO LOCI. 


141 


whence 


cZTg « Ug ^ c?Ug » Tg _ dg 
' TgUg TgUg g ’ 

or 

cZUg ^ 

Ug g Tg ’ 

and, substituting from Ex. 2, 

dUg _ cZg g dg , 

TJg g g ’ 

or 

cZUg = V^?2.Ug. 

S' 

4. From the above expressions for cZTg and cZUg, we have 

rZg = cZTg . Ug + TgcZUg ^ * I 

= fs^ + Y^)vg 
\ U? VgJ 

= ^s| + T|)g 

as the form under which the differential of a quaternion may 
always be written. 

5. To find cZUp. We have, from p = TpUp, 

(ip = dTp . Up + TpdUp, 
dp__dTp . cZUp 
p Tp Up 

_ from Ex. 


<?Up _ dp g dp _ ydp _ y dp . p _ Yp(ip^ _ ^ 


P 


(njp = 


JTp)« 


whence, also, 
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6. From the above expressions fo? clTp and dUpt- 

dp=^(A'p.yp+p^^^. 

^ w) 

7. That S, V and K are commutative with d is seen from the 
following : 

^ = + 

whence 

d^ = dS^ + dTg, (a) 

and, since dq is a quaternion, 

dq = Sdg + Tdg, {h) 

hence 

dSg = Mq and dJq = Tdg. (c) 

Again 

Kg=Sg-Yg, 

whence 


dKg = dSg — dYg, 

and, taking the conjugate of dq in either (&) or (a) , we have, 
with or without (c) , 

dKg =: Kdg. 


8. (Tg)2=:gKg. 

2 TgdTg = n [(g + w^dq) (Kg + n-^dKq) — gKg] - • 

- = limit [dg (Kg +n-^Kdg) + gKdg] 

'' Dr t?, =<^9' • Kg +gKdg J---'-*-" - ‘ 

X “ = K . gKdg + gKdg 

= 2S . gKdg = 28. Kgdg, [Equation (80)] 

or, since Tg = TKg and UKg = Iji = — , 

g TJg 

dig = S . U^dg = 8 . Ug-^dg. 

If g = a vector, as p, then, since Kp = — p, this becomes 
dTp = — S • Updp, 


as in Ex. 2. 
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9. r = 9®. 

dr=^ln\_{q + n-Hqy-<f} ^ 

= limit [qdq + dg . g + (cZg) ^ ^ / 

= qdq + dq.q-,-:^{%}- 
dr=: 2SgciJg-|-2SgT(fg-f-^Sc!gTg/ 

If g = a vector, as p, then Sg = 0, Sdg = 0, and 
d(p 2 )= 2 Spdp 


as in Ex. 2. 


^^0. r = Vg. Then g = r^, and, as before, 
clq = rdr + dr • r. 

Operating with rx and xKr, in succession, 


or, adding, 


rdq^'i^dr ’^rdr • r, 
dq • K7* = rdr • Kr + dr • ?'K?* 
= rd?’ • K?’ 4 - (T?’)^d?*, 


rdq + dq . Kr = [?*® -f (Tr)®]dr 4- rdr(?’ -f Kr) 
=:5'" + W4-2Sr .r]dr, 

which gives dr — dVg in terms of dg. 


1 1 . gg‘^ = 1 . We have 

gd(g'^) 4- dg • g”^ = 0. 
Operating with g~^ x 

g“^gd(g“^) 4- g“^d^ • = 0, 
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If g = a vector, as p, 


P P P 

=_idpi+Ld/5-i Up 

ppp p p 

= ^-l(idp + dp.-) 

P' p\p PJ 

P^ P P 


P/ P 


12. Differentiate SUg. 


dq. 


cmVq = SdVq = S . T-~Ug ^ [Exs. 7 and 3.] 

« dq^ 

= S . ^TCq 


s 




= S . ^IJVgTTUg 
= -S. 




^ 1- I 


gUTg' 


TTUg. 


13. Differentiate TU^f. 






cmi^r = T . cm? =T . Vy Ug 

= V.TJff-^T(ffg . g-^). 

14. Differentiate TVTJg. 


[Exs. 7 and 3.] 


dHYXJq = 




S =8SS=S--« 




[Ex. 2.] 

„ - 


""UTg" TJTg 


- J. 


A 


% VI 


-I) 


1^ 
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The Bight Line, 

As in Cartesian coordinates, the form of the equations of a 
right line, as of other loci, will depend upon the assumed con- 
stants, and in any given problem one form may be more con- 
veniently used than another. 


68. Right line through the origin. 

If 0 be the initial point, or origin, and /> = or a variable vec- 
tor in the prolongation of a = oa, then 

p = Xa (173) 

is the equation of a right line through the origin in the direction 
of the constant vector a. 

The equations 

'Cp = T!a.] ( 174 ) 

Vap = 0 J 

obviously refer to the same right line. 

Since any line, represented as a vector by a, is parallel to 
p =a;a, we may say that the above equations are those of a right 
line through the origin parallel to a given line ; or, a being a 
point given by a=OA, they are the equations of a right line 
through the origin and a given point. 


69. Parallel Hues. 

If ^ = OB be a constant vector to a given point b, then 
p^^+xa 

is the equation of a right line through a given point, and parcel 
to a given line, as p'= cca through the origin. Or, a being a given 
vector, it is the equation of a right line through a given point 
and having a given direction. If a is an undetermined vector, 
it becomes the general equation of any one of the infinite num- 
ber of right lines which may be drawn through a given point. If 
0 and B coincide, 5 = 0, and, as before, p = xa, 

PROPERTY 


CArjici ;; ;■ 


■ i . t u; 
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a remaining the same, and = ob' being a vector to any other 
point bJ for the equations of two parallels, we have 


p=zp -{-xa I 

p = X^a J 


(176), 


or, since a and exe parallel, 

Va(p-^) = 0') 
Ta(p-/3')=0J 


(177). 


70. Bight line through two given points. 

If OA=:a (Fig. 65), ob = /3 are the vectors to the given 
points, and p the variable vector to any 
point K of the line whose equation is re- 
R quired, we have 


Fig. 65. 
B 



and 


AR = XAB = x(l3 — a), 
OR == OA + AR, 

or, for the required equation, 
p = a -f a;(j5 — a) 


(178), 


which, if one of the points, as a, coincides with the origin, 
becomes p = as before. 

We have seen, Art. 55, that if Sa/3y = 0, a, ^ and y are corn- 
planar. Keplacing y by the variable vector p, 


Sai8p = 0 (179) 

is the equation of a plane ^ since it expresses the condition that p 
is complanar with a and /?. If we have also Sayp = 0, the two 
equations, taken together, represent the line of intersection of 
these two planes. 

These equations may be obtained from the line p^xa by ope- 
rating with S(Va^) X and S(Tay)x ; or, convei’sely, to find the 
equation of the line in terms of known quantities, having given 

Sa)8p = 0, Sayp =s 0, 
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write these latter under the form 

S • pYa^ = 0, S • pYay = 0, 

whence it appears that p is perpendicular to both Ya^ and Tay, 
and is consequently parallel to the axis of their product; 
therefore 

p=zyY . Ya/BYay 

= y (ySttjSa — aSa/5y) [Eq. (112)] 

= — yaSa^y, 


or, putting — ySa^y = a;. 


p =a/a. 


71. Right line perpendicular to a given line. 


1. Let 8 = 00 (Fig. 66) be a vector through the origin. To 
find the equation of no through its extremity ng. 66. 

and perpendicular to it. Now p — 8 is a n r c 
vector along dr, and therefore by condition 

S8(p-a)«0. 


Whence S8p = -(T8)S or 

S8p = c, a constant 



(180), 


In order that p, p’-B and 8 be complanar, we must have 

S . 8p(p — 8) = 0, 
or 

S .(Y8p)(p-8) = 0. 

2. p — 8, being perpendicular to both 8 and T8p, wHl be 
parallel to the axis of their product, or to V . SV8p. Hence, if 
y = oc be a vector to any point c, in the plane of od and dr, the 
equation of a right line through a given point c, perpendicular to 
a given line od, wiU be 


p s=f y -{- ojy # 8V8y 


(181). 
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3. If the iDerpendicular is to pass through the origin, then, 
from Equation (180), 

SSp = 0 (182), 

or, in another form, from Equation (181), y being parallel to 

y . my, 

p = yY.my (183). 

4. The student will find it useful to ti'anslate the Quaternion 
into the Cartesian forms. Thus, from Equation (180) , if rod= 0, 

SSp = -TSTpcos^, 

whence, if r and d represent the tensors, 

rd cos 0 = d’, or r = , 

cosO 

the polar equation of a right line. 

5. Equation (181), of a line through a given point and per- 
pendicular to a given line through the origin, may be otherwise 
obtained, as follows : 

Let y and 3, as before, be vectors to the point and along the 
given line, I'espectivel}^ and /5 a vector along the required per- 
pendicular, whose equation wdll then be 

p = y-f-a;^. 

To eliminate we have the conditions 

S8j8 = 0, 

since 3 and (3 are perpendicular to each other, and 
Sy3/3 = 0, 

since y, 3 and are complanar. But y3y is perpendicular to this 
plane, and therefore T . 3Y3y is parallel to /3 ; hence, substitut- 
ing in (a), 


or simply 


P = y + • 3y8y, 

P = y -f£c3T3y. 
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If Sy3/? ^ 0, y, S and (3 are not complanar, and the problem is 
indeterminate ; which also appears from (a) , by operating with 
X S • 8, whence, since = 0, 

SpS = SyS, 

a result which is independent of jS, and an infinite number of 
lines satisfy the condition. 

6. If the line to which the perpendicular is drawn does not 
pass through the origin, let 

p = ^ + a;a (a) 

be its equation. Then, if p be the vector to the foot of the per- 
pendicular, we have Sa(p — y) = 0, or 


Sa(a;a -H — y) = 0, 


(2>) 


because the line is perpendicular to (a) , or its parallel a. Hence, 

-la / m 
Xa = a ^ Sa(y — p) , 


or, for the perpendicular p — y, 

p — y = CCa-f-^ — y = Sa(y — /?) — a''^a(y — /?) 

= ^a"^Ta(y-^). 

Its length is e^ddently 

TT[Ua.(y-^)] (184). 


7. This loerpendicular is the shortest distance from the point 
to the line. The problem may, therefore, be stated thus: to 
find the shortest distance from c to the line p = a;a 4- /5. p being 
the vector from c to any point of the given line, this vector is 


/3 -h a;a — y, 

and, in order that its length be a minimum, 

dT(^ + a;a-y) = 0 
= T(^ -f a;a — y)dT(^ -f a;a — y) 
= — SC(/3 4- — y)a]da; = 0, 



150 


QUATEBNIOKS. 


or 

S(j8 + aja — y)a=: 0, 

that is, the line must be iDerpendicular to p = cca -f- /S. 

8. If the perpendicular distance from the origin to p = ^ + a!a 
is required, p, being as before the vector to the foot of the per- 
pendicular, coincides with it ; hence, y being zero, and 8 repre- 
senting this value of p, 

8 = aja + 

Operating with x S . 8, since SaS = 0, 

4? -(T8)2=S)88. , 

Hence 

T3^Sig8^ S./3T8U8 
T8 TS ’ 
or 

TS=S./3US (185). 

/ 72, We are to observe that the foregoing equations of a right 
line are, as remarked in Art. 60, all linear functions involving,' 
explicitly or implicitly, a single real and independent variable 
scalar. Such is evidently the case for such equations as 

P = a?a, [Eq. (173)] 

P^l3 + xa, [Eq. (175)] 

P == a aj(/3 - a) . [Eq. (178) ] 

So also for the implicit forms, as Yap = 0 [Eq. (174)] ; em- 
ploying the trinomial forms 


a = -h 'bj -I- 

we have 

ap = (bz - cy)i -f. (ca? - az)j + {ay — 6aj)& — (cix + by + <s&). 
Whence 

Tap = (bz — cy)i -f- (cr — az)J -f {ay — 6aj) A; = 0 ; 
bz=zcy^ caj = az^ ay = &£», 

in which x and y are functions otz. 
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The Plane. 

73. Equation of a plane, 

1. If, in the equation S . 8/? = 0, which denotes that ^ is per- 
pendicular to 8, we replace ^ by the variable vector p, 

S.8p = 0 (186) 

is the equation of a plane through the origin perpendicular to 8. 


2. Or, let 8 = OD (Fig. 66) be the vector- 
perpendicular on the plane, and dr any line 
of the plane. 

Then 

S8(p-8) = 0, 

S8p = 82 = -(T8)S 
or 

S8p = c, a constant , , (187) 


Fig. 66 (Jbis). 



o 


is the general equation of a plane perpendicular to 8. Here dr 
is any line of the plane ; and, if TSp = e, 

an indeterminate quantity , . . (188). 

If the plane pass through the origin, we have, as before, 
S8p = 0. Conversely, if SSp = c is the equation of a plane, 8 is a 
vector perpendicular to the plane. 

3. The equation of a plane through the origin perpendicular 
to 8 may also be written in terms of any two of its vectors, as 
y and ^ ; 

p=^x^ + yy. 

Both of these indeterminate vectors may be eliminated by 
operating with S . 8 x , whence 


S8p=0 


as before ; or one may be eliminated by operating with Y • ^8 X , 
whence 

\ 
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from which we may again derive S8p = 0 by operating with 
y . 8 X ; for 

Y.8T/?p = V3;S2 = 0 

= pSS/5-^Sap, [Eq. (Ill)] 

whence, since SS^S = 0, S8p = 0. 

4. The equation of a plane thi'ough a point b, for which 
OB =s /5, and perpendicular to S, is 

SS(p-^)=:0 (189). 

0 . Having the equation of a plane, S8p = c, to find its dis- 
tance from the origin, or the length of p when it coincides with 
S, we have p = a?S ; hence 


S8p=:c = Sa;S2=a;8S 
or 


which, in p = jk 8, gives 


or 


74 . To find the equation of a plane through the origin^ making 
equal angles with three given lines. 

Let a, /J, y be unit vectors along the lines. The equation of 
the plane will be of the form 

S8p = 0. 

condition, SaS = SjSS = SyS = TS sin </> = a?, being’ the 
common angle made by the lines with the plane. 

Hence ^ 

sin«^ = ~ ^ 

^ T8 



= ^ (190). 
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To eliminate S, we have, from Equation (118), 

3Sa/?y = Ta^SyS + VySySaS + VyaSySS, 
and, by condition, 

BSal3y = x(\a^ + \^y+Yya). k 

The vector represented hy the parenthesis is, then, the per- 
pendicular on the plane, whose equation, therefore, is 

Sp(yayS-fTy8y + Tya) = 0 . . . . (191), 

and the sine of the angle ^ is 



T(Tay(?+YySy-hYya) D 

75 . Equation of a plane through three given points. 

Let a, y be vectors to the given points ; then are the lines 
joining these points, as (a — yS), (y8 — y), lines of the plane. If 
p is the variable vector to any point of the plane, p — a is also a 
line of the plane. Hence 

s(p — a) (a - P) (/3 - y) = 0, 

or 

S(pa^ — pay — p^® -{- p/5y — + ccy + a/3^ — a/3y) = 0. 

But 

S(-pyS-) = 0, S(-a2y5) = 0, etc., 

S( •— pay) = Spya = S . pYya, 

SpayS = S . pYayS, etC., 

hence 

S . p(Ya/3+Y/3y + Yya)-Say8y=0 . . (192), 

which, by making the vector-parenthesis = S, may be written 
under the form 

SpS — SaySy = 0, 
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in which 8 is along the perpendicular from the origin on the 
plane. When p coincides with this perpendicular, p = and, 
from the above equation, 

x8^ = Sa^y, 


or, for the vector-perpendicular, 


p = Sa/Sy = 


Sa/Sy 

Ta^+V/?y +Vya* 


76. We observe again, from inspection of the equations of a 
plane, that, as remarked in Art. 60, they are linear and func- 
tions of two indeterminate scalars. Thus, for a plane through 
the origin 

S8p = 0, [Eq. (186)] 

employing the trinomial forms 8=ai-h&/+cA: and p=^xi+yj+zJc^ 
we obtain 

8p = (pz — c^)i + (cx — az)j + (ay — bx)lc — (ax + by + cz)^ 
the last term of which is the scalar part ; hence 
ax + by + cz = 0j 

the equation of a plane through the origin o, perpendicular to a 
Ime from o to (a, 5, c) , which may be written f{x, y, 2 ) = 0 ; 
f or as a function of two indeterminates. ? In the same way, from 
an inspection of the other forms, 

p = OJa + 73 , 3] 

p = 3-|-a;a + y^, 

SSp — c'=c«a;-f-&y-hc 2 ; — c' = 0, [Eq. (187)] 
we observe they are linear functions of two indeterminate scalars. 


77. Exercises and Problems on the Right Line and 
Plane. 

1. p and y being vectors along two given lines which intersect 
at the point a, to which the vector is oa = a, to write the equation 
of a line perpendicular to each of the tioo given lines at their 
intersection. 
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y/5y is a vector in the direction of the required line, whose 
equation, therefore, is 

p = a-ha;T/3y (198). 


, If a' = oa' be a vector to any other point, as a,' then is 

p = a' + irT/5y 

the equation of a line through a given point perpendicular to a 
given plane ; the latter being given by two of its lines. 

2 . a and /5 being vectors to tico given a and b, and 

SSp = c the equation of a given ‘plane, to find the equation of a 
plane through a and b perpendicular to the given plane, 

s : 8, p — > g and a — p are lines of the required plane, hence 

S(p — a) (a — /5)3 = 0, 
or 

Sp (a - j8) 8 4- Sa^8 =0 (194) 

is the required equation. 

3. oc = y being a vector to a given point c, and p = a + 

p== the equations oftico given lines, to icrite the equation 

of a. plane through c parallel to the tivo given lines. 

If lines be drawn through the given point parallel to the given 
lines, they will lie in the required plane. As vectors, p and P^ 
y are such lines, and p — y is also a line of the plane. Hence 

W(p~y) = 0 (195) 

is the required equation. If y = a, or a', it is the equation of a 
plane through one line parallel to the other. Or, if y is inde- 
terminate, it is the general equation of a plane parallel to two 
given lines. 

Othermse : the equation of a plane through the extremity of 
y parallel to two given lines, whose directions are given by 
a and P, is evidently p = y + a?a + 2/i^. 

4. To find the distance between two points, 

a and p being vectors to the points, 

y = ^-a. 


Squaring 


= 52 ^ — 2 cos c. 
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5. A j[ilane being given by tioo of its lines^ {3 and y, to write 
the equation of a right line through a. perpendicular to the plane. 
Let OA = a. Draw two lines through a parallel to ^ and y. 


Then 

p = a + a;V/3y (196). 

If the plane is given by the equation SSp = c, then 

p = a-^xB (197). 


6. Find the length of the perpendicular from a to the plane ^ 
in the preceding example. 

Operating on Equation (197) with S . S X 

SSp = SSa + xB^ = c, 
or 

xB^^c — SBa ; 

xB =8'i(c-S8a) (198). 

7. SS(p — ^) = 0, Equation (189), being the equation of a 
plane through b perpendicular to 8, to find the distance from a 
point 0 to the plane. 

Lety = oc. The perpendicular on the plane from c, being 
pai’allel to 8, will have for its equation 

p = y a;8. 

To find 0 !, operate with S . 8 x , whence 
S8p = SSy + 078®, 

or, from the equation of the plane, 

S8y + a7S® = S8/g; 
o;8:^-8'^S8(y-/5), 

and 

07X8 = T8-iS8(y - /?) = S [U8 . (y -/?)]. 

8. Write the equation of a plane through the parallels 
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9. Write the equation of a plane through the line 

p = a + a:/5 

perpendicular to the plane 

SSp = 0. 

10. Given the direction of a vector-peipendicular to a plane ^ 
to find its length so that the plane may meet three given planes in 
a point. 

Let S be the given vector-perpendicular, and 
Sap = a, S)8p = &, Syp = c 

the equations of the given planes. If the equation of the plane 
be written 

S8p = a?, 

then X must have such a value that one value of p shall satisfy 
the equations of all four of the planes. From Equation (118) 
we have 

pSttjSy = Ta/SSyp + V^SySap -j- VyaS/Sp 
= cVa/S -{- aT^y + 6Yya. 

Operating with S . 8 x , to introduce a;, 

xSafiy = cS8a)8 -f- aSSjSy -j- &SSya. 

11. To find the shoHest distance betiveen tioo given right lines. 
Let the lines be given by the equations 

p = a-fa;^, (a) 

^=a'+a)'/5: (5) 

The equation of a plane through either line, as (5) , parallel to 
the other (a), is [Equation (195)] 

S;S^'(p-aO = 0. (c) 

V/?^' is a vector-perpendicular to this plane. Hence, if 
be the shortest vector distance between the lines, we have, since 
a — a'— yy^^' is a vector complanar with /3 and 


8l3^Xa-a^-yYm^0, 
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or 

whence 


S(SiS/?' + ym (a - a' - 2/W') = 0, 

-2/(W)^ + SCW(a-a')] = 0; 


or, dividing by T(Y^/ 5 '), 

T(2/W')=TS[(a-a')U(Y^^')]. • • (199), 

the symbol T denoting that only the positive numerical value of 
the scalar is taken. 

Otherwise : since the distance is to be a minimum, 


dT(p^-p) = 0 , 

whence 

S(p-p)(i8'daj'~i8da;) = 0, 
or 

S(p'-p )^=:0 and S(p'-p)^' = 0 , 


or the shortest distance is their common perpendicular, whose 
length may be found as above. 

, A 12. Given SSip = di and S82P = (ky equations of two planes^ 
/ to find the equation of their line of intersection. 

This equation will be of the form 


p = mSi 4 - nSg -f icY8i82. (a) 

To find m and n, we have, from (a), 

S81 p — m^i -|- ?iS8i 82, 

S82P = n^i + mS8i82, 

from which we obtain 

_ S81P — 71S8182 _ S82P — nhi . 

81’ “ S8,8j ’ 

_ S81S2S81P - 8 i=S8jp 
(88185)* ■ 

But 

(88185)* -81*85* =(¥8,85)*; 

. (?! 88185 — (^81* 

■ (^8185)* ‘ 
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And similarly 

(^2 SSi Sq — c?i So^ 

(TW ■ 

Substituting these values in (a) 

djSSiSs-dsS.^ , dsSSiSo-cZiSa® 


(YSiSs)^ 


(TaiSs)^ 


3i 4“ osYSiSoj 


which is the equation of the required line, a less useful form than 
those of the two simple conditions of Art. 70. 

If the two planes pass through the origin, then also does their 
line of intersection ; and since every line in one plane is peipen- 
dicular to Si, and every line in the other to So, TS 1 S 2 is a line 
along the intersection, as in (a) , and the equation becomes 

P = xYBiB2 (200). 


13. The picnics being given as in Equation (189), 

SS(p-i8) = 0, (a) 

SSXp~iS') = 0, {h) 

to find the line of intersection. 

The vector p to any point of the line must satisfy both (a) 
a,nd (6). This vector may be decomposed into three vectors 
parallel to S, S' and TSS,' which are given, and not complanar, 
by Equation (118) ; whence 

pS . SSTSS' = SpSV(8' • VSS') + Sp8'Y(V8S' . S) + S(pYSS') YSS', 

or, from (a) and (6) , 

- p(TYSS')^ = SSiSY(8' . VS8') + S8')8T(YS8' . S) + S8S>YS8', 

or, since SSS'p is the only indeterminate scalar, putting it equal 
to a:, we have 


- p (TYSS')"* = SSj8Y(8' . Y8S') + S8')8T(YS8' . 8) + aVSS: 

If the planes pass through the origin, in which case and 
are zero, we have, as before, 

p = a;Y8S: 
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14. To lorite the equation of a plane through the origin and 
the line of intersection of 

SS(p-)S)==0, (a) 

SS'(p~/3') = 0- (&) 

If p is such that SSp = SS/S, and also SS'p = SS'/3^ then both the 
above equations will be satisfied. Hence, from (a) and (b) 

SSpSS'/?'- SS^SS'p = 0, 

which is also a plane through the origin. This equation may 
also be written 

S[(8SS'/3'~S'SS/?)p] = 0, ’ 

which shows that 

8S8'^'- 8'S8^ 

is a vector-perpendicular to the plane, and therefore to the line 
of intersection of (a) and (&) . 

15. To find the equation of condition that four p>oints lie in 
a plane. 

If the vectors to the four points be a, y, 8, then, to meet 
the condition, 

8 — a, 8 — 8 — y 

must be complanar, and therefore 

S(8_a)(8-^)(8-y) = 0, 

whence 

S8^y 4* Sa8y -f SajS8 = Sa/3y . . . (201) , 

which is the equation of condition. 

Or, X and y being indeterminate, we have also 

8 = a + a!(^ — a) + ^(y — ^), 
or 

S + (a:-l)o + (?/-a!);8-yy = 0, 

and 

1 + (k — 1) + (t; —a:) — y — 0. 
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Or, in general, 

aa 4* -h cy -1“ = 0 | 

are the sufficient conditions of complanarit 3 \ 

These conditions are analogous to Equation (9). 

16. Given the three planes of a triedral^ to find the equations 
of planes through the edges impendicular to the oj)po$ite faces^ 
and to show that they intersect in a right line. 

Taking the vertex as the initial point, let 


f 

II 

o 

(«) 

II 

o 

(&) 

o 

II 

(c) 


be the equations of the plane faces. Then Ta/5 is a vector par- 
allel to the intersection of (a) and (&), and V . yVajS is a vector 
perpendicular to the required plane through their common edge. 
Hence the equation of this plane is 


S(pY.yVa/S) = 0. 

(«') 

Similarly, or by a cyclic change of vectors, 


S(pV. aT;8y) = 0, 

(&') 

S(pT. /3Vya)=0 

(c') 

are the equations of the other two planes. 



If from their common point of intersection normals are drawn 
to the planes, then are V • yYajS^ V • aT^y and T • ^Vya vector 
lines parallel to them ; but, Equation (123), 


V(yTa/3 + aV/3y + jSVya) = 0. 

Hence these vectors are complanar, and the planes therefore 
intersect in a right line. 

Otherwise: from Equation (111) 
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. ( 202 ), 


Y (aV^y) = ySajS — ff^ay ; 
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hence, from (&') , 

S(pySay8 — /jySSay) = Sa^Spy — SaySp^ = 0. 

Similarly, or by cyclic permutation, 

S^ySpa — S/SaSpy = 0, 

SyaSpyS ~ Sy^Spa = 0. 

But the sum of these three equations is identically zero, either 
two giving the third subtraction or addition. 


17. To find the locus of a point tohich divides all right lines 
terminating in tivo given lines into segments lohicli have a com- 
mon ratio. 


Fig. 67. ^ Let DA and d'b (Fig. 67) be the two 

given lines, a and unit vectors parallel 
to them, BA any line terminating in the 
given lines, and r a point such that 
RA = mBR. Assume dd', a perpendicular 
to both the given lines, o, its middle 
point, as the origin, and od = 8, od' = — 8, or = p. 

Then 



r 

^ 1 j 

D' r — 


Adding 

But 


OA = p -f- RA = 8 + Xa. 

0B = p4-RB = — 8 + y^, 

2p + RA -f- RB = a;a -H y/?. 


(a) 


ra4.rb = 52^ — = — i(_p + 8 + i»a), 
m m 


which substituted in (a) gives 

p — 8 — a;a = m{ylB — p — 8) , {b) 

whence, since SS)8 = S8a — 0, " / 

SSp(m 4-1) = 8^(1 -.m) = c, 

(or the locus is a plane perpendicular to 



APPLICATIONS TO LOCI. 


163 


If the given ratio is unity, or br = ra, then m = 1 and 
S8p = 0, 

and the locus is a plane through o perpendicular to dd'. 

If a and /3 are parallel, then (6) becomes 

p — B — m{x^a — p — 8) , 

whence 

SSp(m + l) = (l-m)S2, 

^ a right line perpendicular to dd! If at the same time m := 1, 

S8p = 0 and p = a;''a, 

a right line through the origin parallel to the given lines. 

18. If the sums of the perpendiculars from two given points on 
tzoo given planes are equals the sum of the perpendiculars from 
any point of the line joining them is the same- 
Let A and b be the given points, oa = a, ob = and SBp=d^ 
SS'p = d' be the equations of the planes ; S and 8' being unit 
vectors, so that cc8 and yS' are the vector-perpendiculars from a 
on the planes. Then 

03 = Sa8 — d, 
y = Sa8'— dj 

and 

03 -f- y =s Sot (8 -|- 8^) — (d “1“ d^) . 

Similarly 

aJ^+y=S^(8-h80-(d + d0. 

But, by condition, 

Sa(8 + S0=Si8(8 + 8'), 
or 

S(/3-a)(8 + S0 = O. (a) 

The vector from o to any other point of the line ab is 
a -f » (jS — a) ; whence, for this point, 

O3''+y' = S[a + ;^(/?-a)](8 + 80-(d + d0, 

for which point, since (a) remains true, the sum therefore is 
unchanged. 
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19. To find the locus of the middle points of the elements of an 
hyperlolic paraboloid. 

Let the equations of the plane director and rectilinear direc- 
trices be 

S8/> = 0, 

p = a + ir/J and p = a' + 

Also, let OM = p. be the vector to the middle point of an ele- 
ment so chosen that the vectors to the extremities are a + a;/5 
and a' + Then, since m is the middle point, 

2p =:.a + + a' + (u) 

The vector element is 

and, being parallel to the plane director, 

SS(- a' + a + ary6 = 0. 

This is a scalar equation between known quantities from which 
we may find x' in terms of x ; substituting this value in (a) , we 
have an equation of the form 

p = ai-f-a;/?i, 

or the locus is a right line. 

20. If from any three points on the line of intersection of two 
planes^ lines be drawn^ one in each plane ^ the triangles formed 
by their intersections are sections of the same pyramid. 


The Circle and Sphere. 

78 . Equations of the circle. 

The equation of the circle may be written under various 
forms. If a and /3 are vector-radii at right angles to each other, 
and Ta = T/?, we may write 


p = cos^ . a -f sin^ . /5 
in terms of a single variable scalar 6. 
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If a and /8 are unit vectors along the radii, 

p = Xa + yp, 

or, since a? + ^= 1 ^, 

P=^(f-f)ha + y^ .... (204). 

The initial point being at the center. 


Tp = Ta 1 


1^=1 

a 



(205) 


are evidently all equations of the circle. 

If 0 (Fig. 68) be an}- initial point, c the center, to which the 


vector oc = y, p the vanable vector to 

an}" point p, cp = a, then p 

whence ^ f / \ 

= -(206), U \ 

the vector equation of the circle whose /\yf j 

radius is ?% y 

If Ty = c, it may be put under the form q ^ 

p2-.2Spy = c2-r2 (207). 

If the initial point is on the circumference, we still have 
(p — y)^ = — ; buty® = — hence 

p2-2Spy = 0 (208), 


or, since in this case Spy = Spa, 

p2-2Spa = 0 (209). 


79. Equations of the sphere- 

This surface may be conveniently treated of in connection 
with the circle ; for, since nothing in the previous article restricts 
the lines to one plane, the equations there deduced for the circle 
are also. applicable to the sphere. 
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Another convenient form of the equation of a sphere is 
(Fig. 68) 

T(p-y) = Ta (210), 

the center being at the extremity of y and Ta the radius. 


80. Tmigent line and plane. 

A vector along the tangent being dp^ we have, from Equation 
(203), 

< j d/o = — sin^*. a + cos^ . /5, 

and for the tangent line ^ = p + xdp^ 

7r = cos^ • a-f sin^ . sin^ . a + cos^ » (211), 

where v is any vector to the tangent line at the point corre- 
sponding to 6. 

From the above we have directly 


Spdp = 0, 


ng. 69. 
p 


or the tangent is perpendicular to the radius vector drawn to the 
point of tangency. 

By means of this property we may 
wiite the equation of the tangent as 
follows : let TT be the vector to any point 
of the tangent, as b (Fig. 69), c being 
the initial point and p the vector to p, 
the point of tangency. Then 



or 


Sp(x — p) = 0, 

SpTT = — 


S“ = 1 
p 


( 212 ), 


are the equations of a tangent. Since nothing restricts the line ' 
to one plane, they are also the equations of the tangent plane to 
a sphere. 



APPLICATIONS TO LOCI. 


167 


The above well-known property may also be obtained by 
diiferentiating Tp = Ta ; whence, Art. 67, 2, 

Spdp = 0, 

and therefore p is perpendicular to the tangent line or plane. 

81. Chords of contact. 

In Fig. 69 let cb = /? be the vector to a given point. The 
equation of the tangent bp must be satisfied for this point; 
hence, from Equation 212, 


Si8p = -r2, 

or 

= (21S), 

which is equally true of the other point of tangency p/ and being 
the equation of a right line, it is that of the chord of contact ppI 
And for the reason previously given,, it is also the equation of 
the plane of the circle of contact of the tangent cone to the 
sphere, the vertex of the cone being at b. 

" 82. Exercises and Problems on the Circle and the 
Sphere. 

In the following problems the various equations of the plane, * 
line, circle and sphere are employed to familiarize the student 
with their use. Other equations than those selected in any 
special problem might have been used, leading sometimes more 
directly to the desired result. It will be found a useful exercise 
to assume forms other than those chosen, as also *to transform 
the equations themselves and interpret the results. Thus, for 
example, the equation of the circle (209), 

p2-2Spa = 0 


may be transformed into 
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whicla gives immediately (Fig. 70) the property of the circle, 
that the angle inscribed in a semi-circle is 
a right angle. Obviously, this includes the 
case of chords drawn from any point in a 
sphere to the extremities of a diameter, and 
the above equation is a statement of the prop- 
osition that, p being a variable vector, the 
locus of the vertex of a right angle, whose 
sides pass through the extremities of a and 
— a, is a sphere. 

Again, with the origin at the center, we have (Fig. 71), 


Fig. 70. 


p 



Fig. 71. 


D 



(p+a)+(<^ — p) — 2 a, \\ ^ 
and, operating with x S . (/o — a) , 

S(/> + a) (p — a) = 0; 

p is a right angle. This also follows from 
Tp = Ta, whence p^= o? and S (p +a) (p— a) = 0. 
Again, from Tp = Ta, ^ 

T(p -j- a) (p — a) = 2 JCVap. 


The first member is the rectangle of the chords pd, pd' (Fig. 71), 
and the second member is 


2od . OP sinnop. 

Hence the rectangle on the chords drawn from any point of a 
circle to the extremities of a diameter is four times the area of 
a triangle w;hose sides are p and a. 

Also, from Tp = Ta, 

— — 7^2 

and for any other point 

••• S(p'+p)(p'-p) = 0. 

But p' — p is a vector along the secant, and p'4- p is a vector 
along the angle-bisector ; now when the secant becomes a tan- 
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gent, the angle-bisector becomes the radius ; therefore the radius 
to the point of contact is perpendicular to the tangent. 

1. The angle at the center of a circle is double that at the cir- 
cumference standing on the same arc. 


We have 


Tp = Ta, 

and therefore, Art. 56, IS, 


P = (p -f a)“^a(p -ha), 

whence the proposition, 


2. hi any circle^ the square of the tangent equals the 2 )^'oduct 
of the secant and its external segment. 



t 


3. The right line joini ng the 2 :>oints of intersection of tico circles 
is pei'pendicular to the line joining their centers. 

Let (Fig. 72) cc' = a, cp = p, cp' = p^ and r, r' be the radii 
of the circles. Then 



hence pp^ and c& are at right angles. 


A 
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4. A chord is draion paixdlel to the diameter of a circle; the 
radii to the extremities of the chord make equal angles with the 
diameter* 

If p and p' be the vector-radii, 2 a the vector-diameter, then 
a;a = the vector-chord, and 


(p'— aJa)- = — 

(p-f-a;a)2 = -.r2, 

whence the proposition. 

5. If ABC is a triangle inscribed in a circle^ show thcU the vector 
of the product of the three sides in order is parallel to the tangent 
at the initial point. [Compai'e Art. 55.] 

If AB = /5, CA = y, and o is the center of the circle, then 

-V(AB . BC . CA) = V . ;8(/3 +y)y f 

= T(/ 82 y+/ 8 y>) 


c and B being points of the circumference satisfying 
p^ — 2Spa=0 [Eq. (209)], substituting and operating with 
S . aX - V 'I 


S . aV (ab . BC . Ca) = 2 SajSSay — 2 Sa/3Say 


I,. -'>» ^ V 

=o'.,> 


Hence T(ab . bc . ca) is perpendicular to a, or parallel to the 
tangent at a. 

6. The sum of the squares of the lines from any p}oint on a 
diameter of a circle to the extremities of a p)ao'allel chord is equal 
to the sum of the squares of the segments of the diameter. 


Let pp (Fig. 73) be the chord parallel to the diameter bdJ 


Fig. 73. 



o the given point, and c the center of the 
circle. Let cp = p, cp' = pj oc = a, op = /3 
and op' = ^: Then 

0p2 = -^2^-(a2 + 28ap+p'), 

OP'2 = ~ - (a^ + 2 Sap'+ p'") ; 

. • . Op2 + OP'2 = 2 oc2 -f 2 BC^ - 2 (Sap+SapO. 
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But 

Therefore 

and 


S{p—p')(j3 + p') = S(p+p')xa=0. 
Sap -f* Sap' = 0, 

OP^ -f OP'^ = D0‘ + Od'^. 


7. To find the int&}'section of a plane and a sphere. 

Let p^ = — be the equation of the sphere, 8 a vector-perpen- 
dicular from its center on the plane and T8 = d. Then, if be 
a vector of the plane, 

p = 8 H- ' G. ; 

Substituting in the equation of the sphere, since S/SB =; 0, we 
have = 

the equation of a circle whose radius is Vr^ — and which is 
real so long SiS d<r. 

8. To find the intersection of two spheres. 

Let the equations of the given spheres be (Eq. 207) 

p^ — 2 Spy = — 7'^, 

p2_2Spy=c'2-r'2. 

Subtracting, we have 

2 Sp(y — y') = a constant. 

The intersection is therefore a circle whose plane is perpen- ^ 
dicular to y — y( the vector-line joining the centers of the spheres. 
Assuming (Eq. 210) 

T(p — y) = Ta and T(p — y') = Tai 


show that 2 Sp(y — y^) = a consta7it^ as above. 



172 


QUATEElSnONS. 


9. TJie jplanes of intersection of three spheres intersect in a 
right line* 

Let 7', 7", 7'^' be the vector-lines to the centers of the spheres, 
and their equations 

p2-2Spy =cS 
p2~-2Spy^ = c^ 
p2_2Sp7'''=c^". 

The equations of the planes of intersection are, from the pre- 
ceding problem, 

2Sp(y-7 »)=c''-c', (a) 

2Sp(y~7"')=c'''-c', (&) 

2Sp(y'~y")=c'''-~c^ (c) 

Now, if p be so taken as to satisfy (a) and (5), we shall 
obtain their line of intersection. But if p satisfies (a) and (&), 
it will also satisfy their difference, which is (c) ; the planes there- 
fore intersect in a right line. 

10. To find the locus of the intersections of pierpendiculars from 
a fixed point upon lines through another fixed poi/nt* 

Let p and p' be the points, pp^ = a, and 8 a vector-perpen- 
dicular on any line through pj as p = a -f- x/3. Then 

S = a -f y/5, 

and operating with S . S x 

82 = SSa, 

which is the equation of a circle (Eq. 209) whose diameter is ppI 

11. From a fixed point p, lines are drawn to points^ as 

p', p", of a given right line. Required the locus of a point o 

on these lines^ such that pp' . po = 

Let the variable vector po=p ; then pp'=a;p. By the condition 

T(pp'.Po)= mS 
or 

T(xp.p)= m®; 
xp^ = — mP. 



APPLICATIONS TO LOCI. 


173 


If 8 be the vector-perpendicular from p on the given line, 


and TS = d, 


S8(ajp-8)=0, 


or 


a;S8p = — cZ^; 



^ / 


hence the locus is a cu'cle thi-ough p. 


12. Jf through any point chords be drawn to a circle^ to find 
the locus of the intersection of the pairs of tangents drawn at the 
points of section of the chords and circle. 

Let the point a be given by the vector oa = a, o being the 
initial point taken at the center of the circle. Let p' = or be 
the vector to one point of intersection r. The locus of r is 
required. The equation of the chord of contact is (Eq. 213) 

Sp^o- = — 


which, since the chord passes through a, may be written 
Sp^a = — • r^. 


where a is a constant vector. The locus is therefore a straight 
line perpendicular to oa (Eq. 180). 

13 . To find the locus of the feet of perpendiculars drawn through 
a given point to planes passing through another given point. 

Let the initial point be taken at the origin of perpendiculars, 
a the vector to the point through which the planes are passed, 
and 8 a perpendicular. Then 

S8(8-a) = 0, 
or 

82-Sa8 = 0 


is true for any perpendicular. Hence the locus is a sphere whose 
diameter is the line joining the given point^^^^^^t. 
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Otherwise : if the origin be taken at the point common to the 
planes, and the equation of one of the planes is SSp = 0, then 
the vector-perpendicular is (Eq.. 198) 

S'^SSa, 

and, if p be the vector to its foot, 

p = a — 
or 

p — . a = — 8"^ Soa, \ 

whence 

(p-a)2= 


Adding the last two equations ^ 

* p^-rSap = 0, 


Sap-c? = - 

i-' ■% t 


ojoC 

I ^ ^ 

ft mirf‘ 


^2. , t p -7r»5ap=U, ^ — j . 

t ‘‘i T(p-ia) = Tia, ^ ^ 

which is the equation of a sphere whose radius is T| and center 
is at the extremity of or whose diameter is the line joining 
the points. 

14. To find the locus df:^ a point p which divides any line os 
drawn from a given point to a given plane ^ so that 

OP . os = m, a constant. 

uv) 

Let OP = p and os = or ; also let SSo- be the equation of the 
plane. We have, by condition, 

TpTcr = m, 
and 

Up = Uo- ; 

T<r==^, 
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Substituting in the equation of the plane 

OTlSSp -f- Cp^ — Oy 




which is the equation of a sphere passing through o and having 


y for a diameter. 


OD 


15. To find the locus of a jpoint the ratio oftchose distances 
from two giveyi points is constant. 

Let o and a be the two given points, oa = a, or = p, r being 
a point of the locus. Then, by condition, if m be the given 
ratio, 

T(p — a) = mTp, 


whence 


or 


p^— 2 4“ = m^p^^ 

(1 — m^) p^ = 2 Sap 
= 2 Sap 


a 

1 — 2 

ta", 

1 — 


2 Sap 


-f 


wra“ 


1 — ' (1 — (1 — m^y ’ 

T [ p \ m 


1-mV 1- 




which is the equation of a sphere whose radius is T ^a, and 

. 1—m^ 

whose center c is on the line oa, so that oc = ;; 5 a. (Eq. 210) . 


1— m* 


16. Given two points a and b, to find the locals of p lohen 

AP® 4- BP^ = OP^ 

o being the origin, let OA = a, ob = /3, op=p. Then, by 
condition, 

p®=(p— “)“+(p— ^)^ 

whence 

p2_2Sp(a + /3) = -(a“ + /?0, 

[p-(a + ^)]*=2Sa;8, 

T[p-(a + ;8)] = V-2Sa;8, 
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which is the equation of a sphere whose center is at the extremity 
of (a-f-jS), if is negative, or the angle aob acute. If this 
angle is obtuse, there is no point satisfying the condition. If 
AOB = 90°, the locus is a point. ' f ^ 

83 . Exercises in the transformation and interpretation of 
elementary symbolic forms, 

1 . From the equation 

(p + a)® = (p — a)* 


derive in succession the equations 

T(p + a) = T(p-a) and . 


and state what locus they represent. 




r -v* 


2. From the equation 




K^4-- = 0 
a a 


• i ^ r\ 


derive s}Tnbolically the equatio^^^*^U* 
ap + pa = Q, S^ = 0, ^^=^0, and’m^=l, 

d^ interpret 

f 

3. Transform 




nd^ interpret them as the equftions of the same locus. 


to the forms 
and interpret. 


se::i_o ■* 

a 

S-=l and,SU-=T“ 

a \ a f> 

,P-l^ ‘r. 


T 


oC 


4. Transform = 0 to S“=S~? interpret, 


0 . Transform (p -/8)* = (p- a)* to T(p-j8) = T(p-a), 
and interpret. 

6. What locus is represented by K- — - = 0? 
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7. Whatby -j=~l? By -]=:-a2? 


8. WhatbyU^=U^? Up = U)S? 


9 . U- = -U-? 


11. T^^ = 0? T^ = V-? 


4.2. T-= 0 ? 


13. 


14. SU- = SU-? su- = -su-? (su 

a a a a \ 


eY=(su^Y? 

aj \ aj 


15 . Tp = l?" 


16. Transform (p — a)^ = a? to T(p — a) = Ta, and interpret. 

17. Under what other form may we write (p -r a)®= (Br- aV?^ 

Of w hr. t^on? IS it^the equation? ^ ^ r 

18. p^ o^O? p-‘4- 1 = 0? Translate the laiterMnto Car-^ 
tesian codrdinares, by means of the trinomial form, and so deter- 
mine the locus anew. 

, . - ri 

19. T(p-^) = T(/3-a)?JU--^ 

20. Compare SU^= and S“ s= 1 with the forms of Ex. 3. ^ 

P P Cis^ p ^ TA 

21 . What locus is represented by S/Jp H- wlfen Tj8 = 1 ? * 


22. 


V-) ( 

pV_ r-f f • 




24. Show that V . Ta/SVap =: 0 k the equation of a plane. 
What plane? [Eq. (112)]../' / cL , 

If- - r» 
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The Conic Sections. 

Cartesian Forms. 

84 . The Parabola. 

Resuming the general form of the equation of a plane curve 

p = rKa-f 2/^, 
from the relation = 2 jpa;, we obtain 



for the vector equation of the parabola when the vertex is the 
initial point. If the latter is taken anywhere on the curve, from 
the relation = 2p'aj, we obtain 

P = ^<‘ + # (215); 

and if the initial point is at the focus, then 2 /^ = 2px + gives 

or again, in terms of a single scalar 

p = |a + «/3 (217). 

In Equations (214), (215) and (216), a and ^ are wnii vectors 
parallel to a diameter and tangent at its vertex, being at right 
angles to each other in Equations (214) and (216) ; in Equation 
(217) a and are any given vectors parallel to a diameter and 
tangent at its vertex, the initial point being on the curv^e. 


85 . Tangent to the parabola. 


From Equation (216) we have for the vector along t^ tangent 
kxt. 62) d 

■J f+A ‘ 
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and, therefore, the equation of the tangent is 

^ = + + + ^ . . (218). 
From Equation (217) the vector along the tangent is 
^a-f- A 


and the equation of the tangent is 

7r = ^a + ^^^-a:(^a + ;8) .... (219). 


^ If p be the vector to a point on the diameter of a parabola, the 
point being given by the equation 


p = ma + 


(a) 


and a tangent to the curve be drawn through this point, then 
{a) must satisfy the equation of the tangent-line and 


whence 

or 


ma -h «/5 = -f + x{to. + p) , 

£ 

f 

m — - 4- and ?i = « -f- x, 

A 


^ = Vh-— 2m; 


(&) 


hence, in general, two tangents can be di’avTi to the curv^e through 
the given point. When 71^ = 2 m, they coincide ; in this case, 

from (a), 2 

p = |a + n/3, 


the point being on the curve. If 2m > t is imaginary, and 
no tangent can be drawn ; in this case (a) becomes 

P = ^ -f- a -f- 

the point being within the curve. 
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86. Examples on the parabola. 

1. The intercept of the tangent on the diameter is equal to the 


Fig. 74. 



abscissa of the point of contact. 

Since the tangent is parallel to 
the vector ta -h or to any multiple 
of it, it is parallel to -f tjB or to 

+ + that is, to (Fig. 74) 

2 2i 


But 




OP + ox> 

TP = TO + OP ; 
TO = ox. 


2. If from any point on a di- 
ameter produced., tangents be draivn^ 
the chord of contact is parallel to the 
tangent at the veHex of the diameter. 

If t' and correspond to the 
points of tangenc}", we have for the vector-chord of contact 

^ ^ 2 ^2 ^ . jlU/\ 


which is parallel to 


V 


or, from Equation (6), Art. 85, to 

^ -)- Tla, 


which is independent of m. 

3. To find the locus of the extremity of the diagonal of a rect- 
angle whose sides are two chords drawn from the vertex. 

Let OP and op^ he the chords. Then 


Op’=p'=^a — y% 
2p 


(«) 

(&) 
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The vector-diagonal w' is p -f- pj or 


which may be put under the foi'm of the equation of the parabola 
by adding and subtracting a, gi\ung 

2p 




2p 


Mo 

2p 


(0 


But, by condition, Spp' = 0. Hence, from (a) and (5), Sa/? 
being zero, 

which in (c) gives 

S' = a + (^-2,')^ + 4pa. 

Changing the origin to the extremity of 4pa, 


Hence the locus is a similar parabola whose vertex is at a 
distance of twice the parameter of the given parabola from its 
vertex. 

Moreover, from (d), «' = (2p)^. Hence the parameter is a 
onean propoHional hetioeen the ordinates and the abscissas of the 
extremities of chords at right ai^gles. 


4. If tangents be drawn at the vertices of an inscribed triangle^ 
the sides of the triangle produced will intersect the tangents in three 
points of a right line. 

Let opp' (Fig. 74) be the inscribed triangle, and one of the 
vertices, as o, the initial point. Then, for the points p and p' 
respectively, we have 

P=|a + «y8, 
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Let TTi, 7 r 2 , n vectors to the points of intersection ; then 


Also 


■TTi = OP + PSi = - a + + x(ta + /5) . 


TTi = x'of'= 

. — 4- at = i 4- a = X' tl 

2 2 


a': 




Hence 


f A'- 


2tt'-t'\2 
In a similar manner 




^2 = 7 


t 




But 


Also 


2t'-t\2 

wa = OP + 2/pp' = OP +2/(p'- p) 

/2 r /' 2_/2 “1 

= 2^ + +2/ + (<'- O^J- 

^3 = ; 

/2 / f 2 +2 


z = 


Hence 


t + / 


Now 

2t^t 
t 

Also 






2i — «' 2t'—t ^—t'- 


f 


W 


Hence tti, and ira tenninate in a straight line. 
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5. The princqxil tangent is tangent to all circles described on 


the radii vectores as diameters. 

Let AP = /o (Fig. 75) , a and 
being unit vectors along the axis 
and principal tangent. Then, if 
the circle cut the tangent in t, 
and TO be drawn to the center, 

T(tc) = T(fc) = T(-|-fp) ; 

TC^ — i(p — 7?la)^ 

Also 

TO = TA -j- AF + FC 

= — + nia 4- i(p— ma) , 

TC^ = [— ma)]®. 

Equating these values of tc®, 
we have, since S/Sas= 0, 


Fig. 75. 



2®/3®-2:S)ep + mSa/D = 0, 

... ^-zy + t=0, 
which gives but one value for z. 





To find the length of the curve. 

It has been seen (Art. 62) that, if p^<fi(t) be the equation 
of a plane cuiwe, the dijfferential coefficient is the tangent to the 
curve. Hence, if this be denoted by p' = ^'(i), Tp'dt is an 
element of the cuiwe whose length will be found by integrating 
Tp^ with reference to the scalar variable involved between proper 
limits ; or 




For the parabola 
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■ V 

, ^ 


p'=|a + ^, 


v 

/? 






.-. Tp'=-y|J + l=i(3/^+i/)4; 


+|log 




7. To find the area of the cxii've, i 

With the notation of the previous example, twice the area 
swept over by the radius vector will be measured by (Art. 41, 7) 
TVpp'c??. The area will then be found by integrating TVpp' with 
reference to the involved scalar between proper limits and taking 
one-half the result ; or 

A-Ao^ifTYpp^, 

For the parabola * ' . 


or, since a/S = 90°, 




From the origin, where yo = 


: 0, to any point whose ordinate is^ 
the area of the sector swept over by p is ^^2/® = i^2/ 5 adding 

the area \oyy of the triangle, which, with the sector, makes up 

the total area of the half curve, we have fojy, or two-thirds that 

of the cu'cumscribing rectangle. The origin may be changed to 

any point m the plane of the curve, to which the vector is 7, by 

substituting the value p = 7 -j- pi in the equation of the curve. 

Pi being the new radius vector ; we may thus find any sector area 

limited by two positions of pi, the vertex of the sector being at 

the new origin. Thus, transferring to an origin on the principal 

tangent, distant h from the vertex, p = + pi ; which, in the 

« , , . ' .Vf A # -fc I *• 


equation of the ijavabola, gives 


^ Pi=|^“ + (y- 
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Fig. 76. 


integrating, as before, between the limits y = b and «/ = 0, 

87. Relations betiveen three intei'secting tangents to the Parabo- 
la. [“Am. Joiu-nal of 
Math.,” vol. i. p. 379. 

M, L. Holman and 
E. A. Engler.] 

Let ^ p 2 % Pa 
vectors'^ "to ttie ‘ three 
points of tangency, Pi, 

Po, P3 [Fig. 76], and 
TTj, TTg, ttq the vectors to 
Si 5 S25 Ss, the points of 
intersection of the tan 
gents. Resuming Equa- 
tion (216), where the 
focus is the initial 
point, and a and j3 are 
unit vectors along the 
axis and the directrix. 


/3 

1 M 


^ 


a 





\ 





(a). 


Since — -r (Tp)^, and Sa^ = 0, we have for the three points 

X, Po, P3 / 


'i:p,=jj^(yi+f) 
Tp3=^/y6=+i>=) 


(&). 


Tbe vector along the tangent is 

y I a { Q ^ 
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and therefore 


n-pi + P 2 S 1 = -—{yi + 2/2/5 + 2 0“ + 'y-‘ ^ 


’Ti = ps + P 3 Si •= ^ {yi -p‘)a + y3^+ M)0 a + j 8 j ; 

- ; ‘ 4- 

whence, equating the coefficients of a and ) 8 , 

« = i( 2 / 8 -^ 2 ), ^ = i(2/2~2/3). 

whence, substituting, and by the cyclic permutation of the sub- 
scripts, 

’Ti = — (2/32/2 — p^)a -h i{y2 + 2/3) 

2p 

= ^(2/12/3 -p")“ + i( 2/3 + 2/1) A 

’Ta = ^(2/22/1 — P^)“ + i( 2 /i + 2/2) j 8 

From ( 6 ) ; 

TpiTpj = -^{yi +p2) {yi + 

TpaTps = jp(2/2 +J5^) (y| +/) 

Tp3Tp: = -^,(2/3*+2>^)(2/i“+/) 

and from (c) '' 

(T-i)^ = A(2l 


(c). 


W, 




4p® 


^+p0 (yi+p^) 


+P0 ( 2 / 1 ^ +p2) 
('>'-3)^=^3(2/l*+f^0(2/2=+P^) 


and from (d) and (e) 


• • • (s) » 


(Tx,)» = TpiTp3 
(T,r3)^ = TpiTp, 
(Tn)' = Tp3Tp3 


(/)• 
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From (c) , it appears that the distance of the 2 >omt of intersec- 
tion of tioo tangents from the ctxis is the aritlimeticcd mean of the 
ordinates to their jpoints of contact. From (/) , that the distance 
from the focus to the •point of intersection of tico tangents is a 
mean proportioned to the radii vectores to the points of contact. 

1st. K p 2 becomes a multiple of ^8, . 

. I 

. -r^'' 

( ^ - 
Or, the parameter is the double ordinate tnrough the fociis^ or 

tivice the distance from the focus to the directrix. 



2d. If pi is the multiple of p 2 (Fig. 77) , then p 2 — pi is a focal 
chord, and 

,, , Xp2 = pi, 

or, from (a), ^ 


'{jp 


^(yi -p^)o-+ 2 / 2 / 1 = -^{yi -/)“ + y ^ ; 

"'pa 


yi-p- y2 
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or 
and 

From (a) and (c) 


ViiviVi +/) = y^iviVi +f) 1 
yiy2+iJ®=0'^‘'-'" ' 


' (9) 


fi^spi = --r (^22/1 -f)- iiVi + 2/2)yi ' ^ 

= - A + f) iviy^ + /) = 0 • (^0 






or, a line from the focus to the intersection of the tangents at the 
extremities of a focal chord is perpendicular to the focal chord. 

The vectors along the tangents are ^ 

> , '• 

pi — -ff-g and P 2 — "^3j ^ ^ ‘ 

and, from (/i) , t > ** 

S(pi — -n-g) (p2 — -TTg) = Spi p2 + rri ^ ^ VTV"' \ 

or, ^/le tangents at the extremities of the focal chord are peipen-- 
(Uciilar to each other. 

Since, from (g ) , 

yiy2==-p^ 

we have . 

^3=-^(yiy2- p‘)<^ + Uyi+y2)l3'{-'r<r^ 

= - ^°-+Jiyi+y2)_§ , 

or, the tangents at the extremities of a focal chord intersect on » 
the directrix^ 


(c) 


3d. If p 2 becomes a multiple of a (Fig. 78) , ^2 = 0, and from 


^ {y-.yi - /) a + i (2/1 + s/2)/8 


- 


(0 


or, the subtangent is bisected at the vertex. 
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Also 



Operating with S . Trg x 

— Pi) = — ^ = 0, 

4 4 

or, a perpendicular from the focus on the tangent intersects it on 
the tangent at the veHex. 



Again, since is parallel to the normal at Pj, the latter may 
be written, from (i)? 


whence 


or 


XTa = = za + ; 

« = -! b |, yi = x^, 


a; = 2, 


z=x-2)-, 
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hence, the subnormal is constant; and the normal is ttvice the 
perpendicular on the tangent from the focus. 

The normal at Pi may be written 


a;7r3 = — 

or 

‘*(“1“ I*®) + 3/i/S ; 

whence, from (&), 

rr = 2, and s' = -^ ( 2 /i“ -1- i^“) = T/dj ; 

'2p 

or, the distance from the foot of the normal to the focus equals 
the radius vector to the point of contact,, or the distance from the 
point of contact to the directrix,, or the distance from the focus to 
the foot of the tangent. 

The ix>rtion of the tangent from its foot to the point of con- 
tact may be written za + pi, in which z has just been found. 
Hence 

^+Pi= + Yp^yi - f)°- + yi/3. 
or 

Ui 

-h Pi =“ a -f- (.;■) 

the portion of the tangent from the foot of the focal perpendicu- 
lar to the point of contact is 

- Ts 4-pi =|a + -13®)o + 2^1)8, 

or 

-n + Pi = |jja + |/3, Qc) 

or, comparing {j) and (A:), the tangent is bisected by the focal 
perpendicular, and hence the (jungles between the tangent and the 
axis and the tangent and the radius vector are equal, and the 
tangent bisects the angle between the diameter and radius vector 
to the point of contact* 
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(Ic) is also the perpendicular from the focus on the normal, 
and shows that the locus of the foot of the jyerjmidicuku' from the 
focus on the normal is a parabola^ lohose veHex is at the focus of 
the given parabola and lohose parameter is one-fourth that of the 
given parabola. 

88. The Ellipse. 

1. Substituting in the general equation g^xa-\-y^ the value 
of y from the equation of the ellipse referred to center and a,xes 

cey^^b^&?^a-b\ 

we have 

p = oJa + , . . (220) , 

in which m = — and a and ^ are unit vectors along the axes. 

For unit vectors along conjugate diameters, the equation of the 
ellipse becomes 

p = a;a + m'i(a'2’-i»^)5/3 .... (221). 

Again, if be the eccentric angle, the equation of the ellipse 
ma}’ be written in terms of a single scalar variable, 

p = cos<^ . a-|-sin<^ . /? .... (222). 

2. From Eq. (220) we have, for the vector along the tangent, 

c,-mi{a^-a^)-ixl3 = a — = 

ymvoF-^ y 

= X (2/a — mx^) ; 
hence, for the equation of the tangent line, 

Tr^xa-\-y^+X{ya--mx^) . . . (223); 

or, more simply, from Eq. (222), the vector-tangent is 


--sin<;f> . a + oos<l> . yS, 
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aud the equation of the tangent is 

TT = cos (j> . a + sin ^ 4- a;( — sin . a 4- cos cji • /5), (224). 

Since — sin </> . a 4- cos ^ is along the tangent, cos . a -j- 
siii(/> • yS and — sin (^ . a 4- cos <^ . /5 are vectors along conjugate 
diameters. 

89. Examples on the Ellipse. 

1. The area of the parallelogram formed by tangents draion 
through the vertices of any pair of conjugate diameters is constant. 

We have direct^ 

TV [2 (cos . a 4- sin ^ • /5)2(— sin<^ • a + cos<^ . ^)] 

= 4 TVa/3 = a constant; 

namely, the rectangle on the axes. 

2. The sum of the squares of conjugate diameters is constant., 
and equal to the sum of the squares on the axes. 

For, since Sa^ = 0, 

(cos<^ . a-fsin^ . 4-( — sin<^ . a + cos<^ . =z o? 

3. The eccentric angles of the •vertices of conjugate diameters 
differ by 90! 

The vector tangent at the extremity of 

p = cos • a 4- sin ^ (a) 

is 

— sin</) . a4-cos<#> . /?. 

This is also a vector along the diameter conjugate to p, and is 
seen to be the value of p when in (a) we write 4- 90° for 

4. The eccentric angle of the extremity of eqxial conjugate diam- 
eters is 45° and the diameters fall upon the diagonals of the 
rectangle on the axes. 
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5. The line joining the points of contact of tangents is 
parallel to the line joining the extremities of parallel diam^ 
eters. 

Tangents at right angles to each other intersect in the cir- 
"cimference of a circle. 

7. If an ordinate pd to the major axis be produced to meet the 
circumscribed circle in q, then 

QD : PD : : a : 


8. If an ordinate pd to the minor axis meets the inscribed circle 
in Q, then 

QD : PD : : 6 : a. 


9. Any semi-diameter is a mean proportional between the dis- 
tances from the center to the points lohere it meets the ordinate of 
any point and the tangent at that point. 

For the point p (Fig. 82) we have 

p = cos<^ • . /5. 

Also 


OT = rrop = OQ + QT 

= a;(cos ^ . a -h sin . /S) 

= cos<^' . a + sin<^' . sin<^' . a-\-cos<j>' • Z^)* 


Eliminating i, 


a; 


1 

cos(<^— <l>^) 


or 


But 


OT = a;op = 


1 

cos(<#> — 


OP. 


ON = if'OP = OQ -4- QN 

= x’(cos<j > . a + sin</> • P) 

= cos . a + sin — sin . a -f- cos . /5) 


Eliminating t[ 
or 


a;' = cos(<^ — <Z>0> 

ON = cos(<^ — ; 


ON . OT = OP-. 
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10. To find the length of the curve. 

With the notation of Ex. 6, Art. 86, we obtain, from Eq. 

( 222 ), 




• sill . a + COS (fi . 


T/>'= V ( — W) sin^ <;(> + 

s -- So = f V(fl^~5^)sm^</) + 

which involves elliptic functions. If a = b, we have, for the 
cu'cle, s — 5o = I r = r(</) — c^o) • 

From Eq. (220 ) , we obtain 


V=.|l+ -7==\l 

^ — ar ^ 

/'a? a L eV 

^ — «0= I -p==\ 1 9 

J,, Va® — 




which may be expanded and integrated ; giving for the entire 
cun^e 


27ra 



2. 2. 4. 4 


2 


B.S.oe^ 

2. 4. 4. 6 ,6 



a converging series. If e = 0, we have, for the circle, 27rr. 

11, To find the area of the ellipse. 

With the notation of Ex. 7, Art. 86, 


TT/Dp'=TT(cos<^ . a4-sin<^ . y8)(— sin<^ . a + cos<5f> •/?) 
= TT(cos2<;» , ap - sin2<^ . ^a) = TVa^g ;l . . 

A ^ 

or, since = 90° 


\( ®TYpp'=i#a6. 


The whole area is therefore Trob, 
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^ 90. The Hyperbola. 

1. Let a and /? be unit vectors parallel to the asymptotes. 
Then, from the equation, 

xy = 


we have, for the equation of the hyperbola. 


•h 


(225) > 


or, if a and /8 are given vectors parallel to the asymptotes, 


p = ta+| 


(226) ;■ 




or, again, in terms of the eccentric angle, 

p = sec ^ • a -|” tan <f> • * . . • (227) . 

2. The equation of the tangent, obtained as usual, is from 
Eq. (226), 


p = ia -f“y • • • • (228), 


where ^ is a vector along the tangent. 
t 


91. Examples on the Hyperbola. 

1. If^ token the hyperbola is refe7red to its asymptotes^ one 
diagonal of a pat'allelogixm whose sides are the coordinates is 
the i^adius vector^ the other diagonal is pamZZe? to the taiigent 
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2. A diameter bisects all chords imrallel to the tangent at its 
vertex. 

Let (Fig. 79) cp be the diameter, t corresponding to the 
point p. The tangent at p is parallel to ta — and cp = 
p p'^ being the parallel chord, ^ ^ 

Also, if f correspond to pJ 

CP'=«'a+^; 

••• (®+y)f = <; 

Z Z 

ffi® — 2/^ = 1. - 


CP = 


■'= CO + 0P'= a:^<a +i'j +y^ 


or 
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Hence, for every point, as o, determined by x, there are two 
points p' and p", determined by the two corresponding values 
of y, which are equal with opposite signs. 

3. T/ie tangent at Pi to the conjugate hyperbola is parallel to 

CP (Fig. 79). ^ ^ ^ r ' - ^ ^ 

4. The p)OTtion of ihe tangent limited by the a^mptotes is 
bisected at the point of contact- 

5. If<i from thep>oint d (Fig. 79), lohere the tangent at p meets 
the asymptote^ dn be draion parallel to the other asymjMe^ then 
the portion of pn produced^ which is limited by the asymptotes^ is 
trisected nt p and n. 


We have 


CN = 2 = i'a 4“ ^ + ^9 

t 2 ^ 

CP — ^a+y) 


PN = CN — CP = ^a — 


I 

2^’ 


and the equation of ss' is 

p = fa + | + a!(«a-^), 
whence, for the points s, 


a; = — 1, a; =2. 


6. The intercepts of the secant betioeen the hyperbola and its 
asymptotes are equal- 

The vector along the tangent parallel to the secant is ta — 
Hence (Fig. 79) ^ 


cr' 

cr‘ 


= *a = £Bj^{a + 0 + 2/(ia-0, - ' 

''= 2 '^= a: (ta + fj+ y'(ta - ^ ® 

••• y = -y'-, 


but op" = op' (Ex. 2) , and therefore p"r" = p'rI 
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7. Jf through any point p" (Fig. 79) a line r"p'r' be drawn 
in ayiy direction^ meeting the asymp>totes in r" and r', then 


p' r" 




8. If through pJ p'' (Fig. 79) lines be draim parallel to the 
asymptotes, forming a parallelogram ofivhicJi p'p" is one diagonal^ 
the other diagonal will pass through the center. 


The vector from c to the farther extremity of the required 
diagonal is 


(y, - f) /3 =<'«+ ^ = p (•”«+ f)- 

* >0 

But t'^a + ~ is the vector from c to the other extremitj’’ of the 
required diagonal. 


9 . If the tangent at any point p meet the transverse axis in t, 
and PN be the ordinate of the point p ; then 


CT . CN = a^, 

c being the center and a the semi-transverse axis. 

From Eq. (227) , substituting in ct = cp -f pt, 

xsec<f > . a=:sec<^ . a-ftan^ . )S + ?/(tan<;(> sec^ . a-f- sec^<^ • /?); 


and 

or 


CT • CN (x sec <l> • a) (scc ^ • a) = a®, 
CT . CN = a^. . 


10. If the tangent at any point p meet the conjugate axis at t/ 
and pn' be the ordinate to the conjugate axis^ theri 

ct\ cn' = 6^ 

c being the center and b the semi-conjugate axis. 
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92. The preceding examples on the conic sections involve 
direct!}" the Cartesian foimis. A method will now be briefly 
indicated jpeculiar to Quaternion analysis and independent of 
these forms. 

1. The general form of an equation of the first degree, or as 
it may be called from analogy, a linear equation in quaternions, is 


or 


aqb 4- c, 

'^aqh = c, 


(a) 


ill which q is an unknown quaternion, entering once, as a factor 

only, in each term, and a, h, aj 6' , c are given quaternions. 

It may evidently be wiitten 


whence 

But 

and 


4- "SVaqb = Sc 4- Tc, 

= Sc, 

'SVaqb = Yc. 

= ^qba = HqSba 4- S . VqY&f6, 


Yaqb = Y(Sa 4~ + Try) (S& 4* V&) 

= y'.'ls^a + Vd) (S& + vS) 


(&) 

(c) 


<>'Vi ^7 


I + \{SaVqSb + SaT^Tt + JaTqSb + \ciyqYh) 

= §g^^+Y(Sfl^-Sc(T&+^S&Va)TQ’ 

+ T . TciT^Yft Jr J^JaYbYq - T . .. , , ■ 



We have therefore, from (&) and (c) , 


Sc = SgSSkt + S . Tg2T6a, 

Tc = SqtJab + ST . a(K6) Yg + 2 SYctS . YqYb, 


or, writing 

2Sa& = d, SYa6 = 8, SYba = S; Sq = io, Yq = p, 
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we obtain 

Sc = lod + S/)SJ 

Tc = ich -1- ST . a{lLh)p + 2 SYaS . pY^. 

TYe may now eliminate lo between these equations, obtaining 
Ic. cl cma(Kb)p - SSpS'+r? 2 :§YaS • pYb 


which involves only the vector of the unknown quaternion q, and 

which, since Y and 2 are commutative, may be wiitten under 

the general form ^ no 

^ y = Yrp + 2/?Sap, 


in which y, a, aj , yS, /S', are known vectors, r a known 

quaternion, but p an unknown vector. This equation is the 
general fonn of a linear vector equation. The second member, 
being a linear function of p, may be written 

Yrp 4“ SjSSap = <^p = 7 .... (229), 


where ^p designates any linear function of p. If we define the, 
inverse function by the equation 


••• p='^"V> 


'the determination of p is made to depend upon that of 0‘b 

2. Without entering upon the solution of linear equations, it • 
is evident on inspection that the function ^ is distributive as 
regards addition, so that 

^(p”hp^+ ) = ^P + </>p^+ • • • (230). 

Also that, a being any scalai’, 


and 


<j)ap =: u<^p 

d(f>p = cjidp 

3. Furthermore, if we operate upon the form 

<l>p = 2 /SSap + Yrp Xx'fir/U 


i 


(281), 

( 282 ). 





APPLICATIONS TO LOCI. 


201 


with S • o- X , cr being an}' vector whatever, 

Scr<^p = ^S((r/SSap) + Sor(T7*p) . 

But 

S(crj8Sap) = StTjSSap = SpaSjScr = S(paS)So-) , 

and 

S(crV7*p) = S[o-V(Sr + Vr)p] = SrScrp -f- ST(y?')p 
= SrSpcr - Sp(Yr)(r = S[pV(Kr)(r] . 


Hence, if we designate by 


= SaSjSo- + V (Kr) cr, 


a new linear function differing from (j> by the interchange of the 
letters a and /?, and Kr for r, we shall have, whatever the vectors 
p and cr, 

S(cr<^p) = S(p<^V). 


Functions, which, like and enjoy this property, are called 
conjugate functions. The function <^> is said to be self-conjugate, 
that is, equal to its conjugate <j5), when for any vectors p, cr, 


S(r<j>p = ^p<j}ar. 


93 . In accordance with Bosco\'ich’s definition, a conic sec- 
tion is the locus of a point so moving that the ratio of its dis- 
tances from a fixed point and a fixed right line is constant. 


1. Let F (Fig. 80). be the fixed point or 
focus, DO the fixed line or directrix, and p 

any point such that = e, the constant ratio 

DP 

or eccentricity. Draw fo perpendicular to 
the directrix, and let FO=a, 0D=2/y» 
and FP = p. By definition, 


Fig. 80. 



or 

Also 



T(pd) 
p2 = eW. 
p + Xa^a + yy. 


(a) 
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Operating with S . a x , we have, since Say = 0, ' ^ ^ ^ 


Sap -|- iCa^ = a^, 
or 

iX?a^=:(a? — Sap)^ 

Substituting in (a) 

o?p^ = ^(a^-Sapy .... (233), 

in which e may be less, greater than, or equal to unity, corre- 
sponding to the ellipse, hyperbola and parabola. 



2. For the eUipse, Fig. 81, putting p = xa for the points 


A and aJ we have 


1-fe 

or, since p = oja = iCFO, 


points f 

X = — ^ and X = 


1 — e 


PA=~— FO, 
1 -he 


whence 




AA' = 2atj^Po;^‘' 


.v^>\ 




1 — 6 " 

Fo = ta, 


and therefore 
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which furnish the well-known properties of the ellipse, 

FA = «(1 — e), 

FA'=a(l -fe), 

, CF = oe,:? Q 0-- 1 

AO = ^— - a, \ 

CO = -sz 4 6 "f C. 4 * 

e 


3. Changing the origin to thej3enter,o£the ei^'e, let cf = a' ; 

then CP = p' and ^ = p'— a, = f — j — ; a ; whence/^ 

1_^ \l-e- 1+eJ 

a = — 5— a. Substituting these values of p and a in 

remembering that obtain 

+ (Say)2 = a4(i _ ^ 

or, dropping the accents, c being the initial point, 

+ (Sapy=:^a^(l — e^) . . . (234), 



the equation of the ellipse in terms of the major axis with the 
origin at the center. If p coincides with the axes, Tp = a or 5, 
,s it should. 

4. Equation (234) may be deduced directly from Newton’s 
definition, thus : let cf = a (Fig. 81) as before, f and f' being 
the foci, and cp = p. Then 


and, by definition, 
as lines ; or 


FP = /D — a, f'p = p -f- a, 

fp-|-f'p = 2a 


T(p-a) + T(p + a) = 2a, 
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a being the semi-major axis. Whence , r- 

, V /: ' I"* , 

V — (p'“ a)^ = 2 a — V — (p + a)®. 

Squaring 

— -f 2 Spa — a® = 4 — 4 a V — (p + a)^ — — 2 Spa — 

Spa — = — a V— (p + a)^ 

Squaring again 


(Spa)2 - 2.4^«pa'+ = - a2(p2 -h %spa + a^) , 
a^p®-f-(Spa)^ = — a^ — a^aS , 

or, as before, «Ls * ^ * 

aV'+(Spa)* = -«^(l-e*). 


94 . 1. The equation of the ellipse 


aV® + (Sap)^=s — a^(l — e^) 


may be put under the form 


a^p -{- aSap ^ 


or, in the notation of Art. 92, writing 


a"p -f- aSap 

a^(l-e2) 



the equation of the ellipse becomes 

Sp# = l ( 235 ). 

2. By inspection of the value of it is seen that, when p 
coincides with either axis, p and <^p coincide. 

Operating on <j>p with S . o- x , we have 


Scrc^p = 


g^Sfr/Q -j- ScraSap , 
a"(l-e^) ’ 
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. , , Cl^cr -h olSclc •j-, « 

operating on <^o- = — with S • p x , we have 


hence 


Ci^Spor + SpaSacr, 

Spc^o- = S<r<^p (236), 


and <f> is self-conjugate. 

3. Differentiating Equation (235), we have 


Sdp^p -|- Spcl<f>p = 0, 

Sdp<^p 4- Sp<^dp = 0, [Eq. (232) ] , 

Sp<^dp 4- Sp<^dp = 2 Sp<56dp = 0. [Eq. (236) ] *5 


If TT he a vector to any point of the tangent line^ i 

■H ’ 

= p + xdp, 


whence 


or 


,1^7 




Bp<f>(Tr — p) = S(7r — p)<^pf= 0, 

S7r<^p — Sp<^p s= Sp<^7r = 1 . 


(a) 
. (237) 


is the equation of the tangent line. 

From (a) we see that <^p is a vector parallel to the normal at 
the point of contact, being parallel to p only when p coincides 
with the axes, as already remarked. 

4. To transform the preceding equations into the usual Car- 
tesian forms, let i be a unit vector along ca (Fig. 81), and j a 
unit vector perpendicular to it. If the coordinates of p are x 
and then, since a = cp, 

P = ic^4-yJ, <P 

and 

^ P 4- aSap (xi 4- yj) + ae!s . aei (xi -f- yj) ' 
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or, since 1 — = ~ 

a- 

... Sp,^p = l=-S. (^xi + yj)(^+^X. 


and ' 




i ^ a2^+&V = a2&2. 

Again, if x’ and ?/' ai*e the coordinates of a point in the tangent,. 
T = x^i + y[j; 

.-. Sx<^p = l = -S(a:'i + y:o(^5 + |2)> 


and 

a^yy’+ Ifxx' = a^h^. 

The above applies to the hyperbola when e > 1, that is, when 
52 

1 — giving the corresponding equations 

cr 


=-a2&2, 

h^xx^ = — a?h^. 


95. Examples. 

1. To find the lociis of the middle jyoints of parallel chords. 

Let /S be a vector along one of the chords, as rq (Fig. 82) , 
the length of the chord being 2y, and let y be the vector to its 
middle point ; then 

*p = y If y/3 and /o = y — 2/^ 
are vectors to points of the ellipse, and 

s(y+yM<^(y+V/3Ai, 

S(y— 2//3)=1 ; 

whence, expanding, subti'acting, and applying Equation (236) , 

= 0 , 
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the equation of a straight line through the origin. Since 
is parallel to the normal at the extremit}' of a diameter parallel 
to the locus is the diameter parallel to the tangent at that 
point. 


Fvr 8 * 2 . 



2. Equation of condition for conjugate diameters. 

Denote the diameter op (Fig. 82) of the preceding problem, 
bisecting all chords parallel to by a. T)ien 






or 




Sj8<^a = 0. 


In the latter, /S is perpendicular to the normal <^a at the ex- 
tremity of a, and is therefore parallel to the tangent at that 
point ; hence this is the equation of the diameter bisecting all 
chords parallel to a. Therefoi'e, diameters which satisfy the 
equation Sa<j>/S = 0' are conjugate diameters. 


3. Supjylementai'y chords. 

Let pp' (Fig. 82) and dd' be conjugate diameters, and the 
chords PD, pd' be drawn. Then, with the above notation, 

DP = a — 

D'p=a4-^, 

and 

S(a + /?) <^(a - ^) = S(a + i8) ((^a - <^>/3) 

= S{a(f)a — a<f>^ + P<l>Oi — 
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But 

Sa<^a = 1 , = 1 , = S/3<^a ; 

S(a + /5)(^(a-/3)=0. 

Hence, if bp is parallel to a diameter, pb' is parallel to its 
conjugate. 

4. If two tangents he drawn to the ellipse^ the diameter parallel 
to the chord of contact and the diameter through the intersection 
of the tangents are conjugate. 


Fig 82. 



Let TQ (Fig. 82) and tr be the tangents at the extremities of 
the chord parallel to yS, and ox = tt. Then 

f C 

Psi o(i=xa+yfi, OB. = xa + 

From the equation of the tangent = l,ijve have 

^<f>(xa. + y^)=l, 

S-ir<l)(Xa+y'fi)=l. 

Expanding and subtracting 

SjTC^yS = 0. 

Hence, Ex. 2, tt and /5, or op and ob, are conjugate. The 
locus of T for parallel chords is the diameter conjugate to the 
chord through the center. 
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5. If qoq' (Fig. 82) be a diameter and qr a chord of contact, 
then is q'r parallel to ot. 


EQ being ijarallel to yS, and oq' = — oq, we have 

Oj 

rq = 22//3, rq' = ^ 




Xa — Xa — 


whence, directl}" rq' = — 2a;a ; as also Srq^rq' = 0, rq and rq' 
being supplementary chords.*''*-^ 


6. T7ie points in which any two parallel tangents as q'tJ qt 
(Fig. 82) are intersected by a third tangent^ as ttJ lie on conju- 
gate diameters. ^ ... f { 

The equation of rt' is S7r<^p = 1, and that of q't' is S7r'^p'=l. 
For the point tJ :r = tt' ; whence, by subtraction, 


^7. 


S7r<l>{p-p')=^0^ : ; 

> * - 

Chord of contact. 



The equation of the tangent, 



is linear, and satisfied for both q and r. Hence, writing <r for p 
as the variable vector, v being constant, 


So-<^7r = 1 


is the equation of the chord of contact. 


^8. To find the locus of t for all chords through a fixed point 
(Fig. 82). 

Let s be a fixed point of the chord rq, so that os = <r = a 
constant. Then 

S<r<jl»7r = Sircjia- = 1 , 

a right line perpendicular to <^or, or parallel to the tangent at the 
extremity of os, and the locus of x for all chords through s. 
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9. Any semi-diameter is a mean proportional between the dis- 
tances from the center to the points ivhere it meets the ordinate of 
any point and the tangent at that p>oint. 


Fig 82. 



OD (Fig. 82) and op being still represented by ^ and a, let 
OT = cs*a and OQ = /) = a;a + y^. Then from the equation of the 
tangent, S7r^/3= 1, we obtain 


whence, since Sa<^/3 = 
or 


8x'a4>{xa-^yfi):=l ; 
0 


t 


V— -r ifHJ / J d ry\ 

a;®' = 1 ; I 


or 


*• XOL • 

ON . OT = OP^ 


10. IfT>T>' (Fig. 82) and pp' are conjugate diameters^ then are 
PD and yd’ proportional to the diameter's parallel to them. 

’n^'ith the same notation 


= “ — A I>'P = a + /3, 

OE = m(a — /3), op = n(a + /J). 


whence 
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From the equation of the ellipse, - /t r 


S?7i(a — (3)(hni{a — /3) = 1, 

(a) 

S7i(a + yS) <l>n (a + )S) = 1. 

(6) 


Now, from (a) , since = Sa<j!>a = 1 and = Sa<^/3 = 0, 
2m- =1. 

Similarl}^ from. (&) , 

2712 = 1 ; 


Also 


m = 71 . 

DP : d'p : : T(a — P) : T(a + 

: : T 7 ?l(a — : T?l(a + 

: : OE : OF. 


11. The diameters along the diagonals of the parallelogram on 
the axes are conjugate; and the same is true of diameters along 
the diagonals of any parallelogram zohose sides ai^e the tangents at 
the extremities of conjugate diameters, 

12. Diameters parallel to the sides of an inscribed parallelo- 
gram are conjugate. 



Let the sides of the pai'allelogram (Fig. 83) be 


and let 
Then 


pp' = a, PQ = 

OP = p, OQ = pi 

op' = p + a, OQ' = p' + a, — p = B- 
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From the equation of the ellipse, = 1 , we have for and 

S(p'+a)<^(p'+a)= 1, 

S (p -j- a) (p Hh ct) = 1 ; 
whence, since Spc^p = Sp' <^p' = 1, 


Subtracting 


or 


2 Sa<^p^-|“ ScL<j>a = 0, 

2 Sa^p + Sa</)a = 0. 

Sp'<#)a — Sp<^a == 0, 

/ ♦ * «K ^ 

S(p'— p)^a = S/3<j5>a = 0. ^ 


13. The rectangle of the perpendiculars from the foci on the 
tangent is constant^ and equal to the square of the semUconjugate 


axis. 


Fig. S 3 . 



Let the tangent be drawn at n (Fig. 83) and or = p. Then 
<t>P is parallel to the normal at r, that is, to the perpendiculars 
FD, Hence, of being a, 

OD'=a;^<^p — a, 

OD = a + x<f>p^ 

which, since d and d' are on the tangent, in S7r<j5>p = 1 give 

^{x'cf>p — a) <^p = 1 , 

S(a + a;<^p)<^p = 1, 

^\4>py= 1 +Sa(^>p, 

X {<l>py = 1 — SoL<j>p ;^CL'\ 


or 
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whence 


Tx'4,p = f'd'= T — 

<PP 

Tx<l>p =FD 

9P 

FD X f'd^ = T 

__ / aV + aSapY _ a^(aV^) + 2 a^(Sap)^ + a^SapY 




a\i^ey 


or, substituting a^p^ from Equation (234) and or:= — a?e^^ 

_ (Sap)2-a4 


l-(Sa<#>p)2=l- 


a^Sap + a^SapY_ <1^ "" (Sap)® 


+ a®Sap"|®__ « 


/ f — (Sap)^ a®(l — e®) g.. g. ,g 

•. fdxf'd' = T V— 7 5 “ T 2 — ^4=a®(l — e®) = 6®. 

(Sap)® — ^ ^ 


14. T/ie foot of the perpendicidar from the focus on the tangent 
is in the circumference of the circle described on the major axis. 

To prove this we have to show that the line on (Fig. 83) is 
equal to a. Now 

OD = a + ^<l>p 

, i>p(l — Sa.<j>p) ' ^ 

(«■ 

from the preceding example. Hence 

foD'l® ^ I 2Sa<^p(l-Sa<#.p) (1-Sa<^p)* 

(o”) ^ ^ ir r 

, , 1 - (Sa<;.p)= 'X7a* -^(Sap)' a®(l - e") 

““ {<i>py “ 

= — a®e® — a®(l — e®) = — a* ; 

••. oD = a. 
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The Parabola. 


96. 1. Resuming Equation (233) and making e = l, the 
equation of the parabola is 

* cfpl^(o?^HapY . , . . (238), 

which ma}^ be written 


p^ -{- 2 Sap a*'^(Sap)^ ^ 

^ _ i, 




Sp 

in which, if we put 


p -{- 2 a — a^^aSap 


= 1 ; 


^ _p — tt-'Sap 

4-9 > 


we have for the equation of the parabola 
Sp(<^p4-2a"^)= 1 

and, as in the case of the ellipse, 

S<T<j}p = Sp<^o* . 


Operating on «^p by S . a x , we obtain f T ‘ 

Sa,^p = o'. . . . (241) 


(239), 


(240}.,:. 


.Jif* 




hence, <^p is a perpendicular to the axis. . 

Operating on i^p by S . p X ^ > o' 

Sp<#,p = 1 i. f $42) ^ 


2. Differentiating Equation (239), we have 






2 ^p<f>dp *4" 2 Sdpa”^ = 0. 

For aii}^ point of the tangent line to which the vector is -tt, 

TT = p + 2CCZp, 
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from which, substituting dp in the above, 

Sp<^(7r — p) + S(7r — p)a“^ = 0, 

S(p<^7r — p<j>p + 7ra"^ — pa“^) = 0 ; (a) 

or, since Sp<^p = 1—2 Spa"^ [Eq. (239)], 

S7r<^p — 1+2 Spa”^ + — Spa”^ = 0, 

whence 

S7r(<^p + a’^) + Spa-'=l . . . . (243), 

the equation of the tangent line. 

3. From (a) we obtain 

S(ir — p)(^p-f a-’) = 0; 
or, since ^ — p is a vector along the tangent, 

<j>p + 

is in the direction of the normcd, 

4. If O' be a vector to an}" point of the normal, the equation 
of the normal will be 

O' = p + ^{<i>p + a”^) (244) . 


5. The Cartesian form of Equation (239) is obtained by 
making 

p = a;i + yj, a = po (Fig. 80) = —pi ; 


.-. <^p = 


xpi 

— j 


jj, 

Q 3 


whence, Equation (239) becomes 


f p ’ 
f = 22xe+p\ 


the equation of the parabola referred to the focus. 
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97. Examples. 

1. The suhtangent is bisected at the vertex. 



S7r{<t>P *+" + Spa ^ =: 1 


gives 


SaJa(<^p + + Sa~^p = 1, 

U— H > 

But Sa^p = 0 j hence ^ 

X -j* Sa" ^ p = 1 ; 

multipljing by a 

OJa -j- aSa~^p = a, 

(x — -Da = a — -J-a — aSa'^p 
= Ja — aSa”^p, 

AT = — AF — aSa" V. 

But the value of <t>p gives i *5^ ^ 

1 I 

a*^p = p — a”'Sap; ^ 


(a) 
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and, since <56/5 is a vector alon^ mp and a~^Sa/> a vector along 
from p = FM 4- MP yvQ have , , ^ ^ ^ . 

‘ FM “ a”^ Sap = aSa"^ pi 


or, as lines, 


Sap = a!Sa"^p, 

MP = a^^p; 

at =S — AF — FM = — AM, 
AT = AM. 


(b 

{ 0 ) 


•( 


2. The distances from the focus to the point of contact and the 
intersection of the tangent loith the axis are equal. ^ , 

^ t 


or (Fig. 84), 


iTa = a — aSa"^p,^ 


(ft)^ = (a aSa^^p)^ 
= (a — a’^Sap)^ 
(^2 _ Sctp)^ 




[Eq. (238)] 


= p“i 


FP= IT. 


3. The mhnornial is constaiit and equal to half the parameter^. 


The vector-normal being ij>p + a~^ (Art. 96, 3), we have 
(Fig. 84) — 

PN = «(<^.p-|-a-i); _ . 

but ^ tj ( - 

PN = PM + MN \ 

= — a?(l>p -hXa: ^ [Ex. 1, (c) ] 


v>- 


2;(<^P 4- a ^) = — '* \* 




or 


2 3 If ^ 

Z — — CL —— p/CL 

o; = — 1 , OJa = — a ,* 


4 


or, the distances mn and fo are equal, and the subnormal = 
a constant. 




4. The perpendicidar from the focus on the tangent intersects 
it on the tangent at the veiiex^ and aq = ^-mp (Fig. 84) . 
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Since (Ex. 2) fp = ft = pd, fd is perpendicular to pt or par- 
allel to PN. Otherwise : 

NP = — 2 (<^a 4- a“’) =: ct?{<l>p + a"^) (Ex. 3) 
= a?<t>p 4- a == MP -f FO, [Ex. 1, (c)] 

C?(^p 4- a = FO 4- OD =,FD. r . A ^ 

^FD = FQ :|= 4- |a 

= ^a“<^p 4 -fa; 

^aV/> = AQ — -J-MP. 


But 


5. To find the locus of the intersection of the 2^^W^ndic\dar 
from the vertex on the tangent and the diameter produced 
through the i^oint of contact. fT* 


Fig. 84. 



Let FS = <7 (Fig. 84) be a vector to a point of the locus. 
Then 


FS = FA 4- AS = FP 4- PS, 

O' = ia + z{<j>p 4- ^p + ODa, 
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Operating with x S • then, since Sa<^p = 0 [Eq. (241)], 


and 

or 


= = [Eq. (242)] 

« = a‘, 

0-= ia + a-(</)p + a"^) = Ja + a^<^p, 
cr — |a = 


Operating with x S • a 


S((T — |•a)a = 0, 
So-a = lf(Ta)^ 


or [Eq. (180)], the locus is a right line perpendicular to the 
axis and fj; distant from the focus. 


6. To find the locus of the intersection of the tangent and the 
perpendicular from the vertex. 

If the origin be taken at the vertex, then since (^p + is a 
vector along the normal, the equation of the locus will be 


7r = a;(<}f>p + a’“^). 


(«) 


To eliminate a;, operate with S . a x which gives 

a; = Sa7r, wlieiice Sa"V = 

ct 

To eliminate p, the equation of the tangent, S7r(<^p + a“^) + 
Spa"^ = 1, for the new origin becomes 




+ Spa“^ — 1, 

2 Stt^p + 2 Sa- V + 2 Sa- V = 1 . 



Operating on (a) with x S . <^p, whence S7r<^p = a;(<^p)^ the 
preceding equation becomes l ' 

2x{i,py-^\-2Sa-^p=l. 


( 6 ) 
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Also [Eq. (242)] Sp</)p = which, in the equation of 

the parabola Sp(<^p + 2a"^) = 1, gives 

a^(<^p)-4*2Sa”^p =1. (c) 


Whence, from (b) and (c) , b}’ subtraction, 

But, from (ct), 


(<^p) 


i'" 

2 TT^ — 2 CCS7ra"^4" ““ , 1 




ar 


. = :l -f- ±. 

ocr 


Equating these values of (<^p)^, and substituting the value of x 



2‘7r^Sa7r — a^Tr^ + = 0, 



which is the equation of the locus required. To transform to 
Cartesian coordinates, make 


whence 
and 


tt = xi 4- yj\ and a == ai, 


Sa7r = — aa?, a? = — a^^ • # % 


2/'== 


n 

2 ^ 




-Veliki, a: 




the equation of the cissoid to the circle whose diameter is the 
distance from the vertex to the directrix, i 

7. If pp' (Fig. 75) 56 a focal chord, and pa, J^produced 
meet the directrix in nj d, then will pd and p'd' be parallel to af. 




ad'= ““ ajAP = AO 4- od! 

Operating with S . a x 


X(aP - 2 Sap) = a=. S cC-"^ * !?^ 


(") 


* 
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Now FP = p and fp'= —x^p are vectors to points on the 
curve, and hence satisfy its equa- 
tion. AYhence [Eq. (288)] 

aV=:(a2«-Sap)2, 
a;Vp2 = (a- + a;'Sap) 2; 
a;'2(a"~Sap)2 = (a2+ir'Sap)2; 

or 

x'{a^ — : Sap) = a" -j- Oj'Sap, 
x\a^-2Sap)=^a\ 

Hence, comparing with (a), 

X = ojJ 

or, the sides produced of the 
triangle apf are cut propor- 
tionately, and therefore d'p' is 


parallel to af. 









8. Jf^ with a diameter equal to three times the focal distance^ 
a circle he described tvith its center at the vertex^ the common ^ 
c^iord bisects the line joining the focus and vertex. firCiJ 

V & - 

The equation of the curve being ^ 

a^p" = (tt“ — Sap) “, (a) 

that of the circle whose center is a (Fig. 75), referred to f, is 
of the form [Eq. (210)] 

’ T(^-y)=T^,, . 

01 -, by condition, i-'*’ ' '■ Y ^ ‘ 

''('■“I) rfu: 


which, in (a ) , gives 




p2 = Sap 4“ ^6 9 


Sap=f, 




i 


^ vdiich is the in'oposition. 
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98 . The Cycloid. 

1. Let a and be vectors along the base and axis of the 
cycloid and T/3 = Ta = r, the radius of the generating circle. 
Then, for an}" point p of the curve, 


> X = rO — T sin 0 = t{B — sin 6 ) , 

— reos^ = r(l — cos^), 

and the equation of the cycloid is 

pz=(0 — sin^)a^+fl — cob$)I3. 

2. The vector along the tangent is 

I ' 

(1 — cos ^)a + sin^ • )8, ^ 

and the equation of the tangent is 


7r = (^ — sin^)a + (l — cos^)/5-}-^[(l— cos^)a4-sin^ • 

8. The vector from p to*the lower extremity of the vertical 
diameter of the generating circle through p is .V 

PC = -(i — cosO)P + sin $ . d, 

- + 

and, from the above expression, for the vector-tangent pt, {(Xf 3 
S(pc . pt) = 0 ; 

hence pc is perpendicular to the tangent, or the normal passes 
through the foot of the vertical diameter of the generating cir- 
cle for the point to which the normal is drawn, and the tangent 
passes through the other extremity. 

^ 4. If, through p, a line be_ drawn parallel to the base, 
intersecting the central generating circle in q, show that 
PQ = r(7r — ^) = arcQA, a being the upper extremity of the 
axis. 
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5. With the notation of Ex. 6, Art. 86, ' " 

p' = (1 — cos^)a-f- sin^ . 
p'2=:=_|7(l_eosi9)2 + sin2^]7'2, , 

T/a' = rVl — 2 cos^ + cos^O + sin^^ = r V2 — 2cos^ 

= 2?’sinl^ ; j h . ^ * 

Q V if.v' r 

s — go= r2rsin|-0 = [4rcos^^]‘’ =8>’, 

J27r 

the length of the entii'e curve. 

6. With the notation ofJEx. 7, Art. 86. v . ^ " 

t ' t ‘1 j , ^ f < f "*”* ^ ' " ** 

iHf .'V'i- ‘ ' •» 

TV^/d'= T'V[ — sin d) ^ . /i^/5 + (1 — cos ^)®/8a] 

= TY[(^ sin^ — sin-^ — (1— cos^)^]ayS ^ 

= ?'^(^sin^ + 2cos^ — 2). T^/ ' 

A — Ao C (6 sin^ + 2cos^ — 2) 

*y2TT 

= j^^(sin^ — 6 qob6 -f 2 sin^ — 2^) J 
= r^(3sin^ — ^cos^ — 2^)”|= 

J27T 

the whole area of the curve. 

99. Elementary Applications to Mechanics. 

1. If & be the magnitude of any force acting in a known di- 
rection, the force, as having magnitude and direction, may be 
represented by the vector symbol /8, which is independent of 
the point of application of the force. In order, completely, to 
define the force with reference to any origin o, the vector OA=a, 
to its point of application a, must also be given. For concur- 
ring forces, whose magnitudes are &J 5” , we have, for the 

resultant, (3 = which is true, whether the forces are compla- 
nar or not, and is the theorem of the polygon of forces extended. 
For two forces, = whence = /5'“ + + 2 8/5'^^', or 
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Ir = + 2 cos which is the theorem of the parallelo- 

gram of forces. For any number of concurring forces, the con- 
dition of equilibrium will be 0. For a particle constrained 
to move on a plane cuiwe whose equation is p = <^ (^) , dp being 
in the du’ection of the tangent, since the resultant of the ex- 
traneous forces must be normal to the curve for equilibrium, we 
have 

= 0. - (a) 

2. If OA'=aJ and 1^' is a force acting at a,' then TVa'^'=:a'&' sin^ 
is the numerical value of the moment of the couple at a' and 
— at 0 . Representing, as usual, the couple by its axis, its 
vector s 3 Tnbol will be Ya’f^l If — /?' act at some point other 
than the origin, as cj and oc'= y', the couple will be denoted by 
y')/?! From this vector representation of couples, it fol- 
lows that their composition is a process of vector addition; hence 
the resultant couple is ST(a'— y')/?5 and, for equilibrium, 
^V(a'— y)j8'=0. If the couples are in the same or parallel 
planes, their axes are pai'allel and TS = ST. Since a'—y' is 
independent of the origin, the moment of the couple is the same 
for all pomts. Since V (a'— y')l3^= Va'^'— Yy'/JJ the moment of 
a couple is the algebraic sxim of the moments of its component 
forces. If the forces are concuridng, and is the vector to 
their common point of application, Va'2/8'= 

Ya'jS, or the moment of the resvltant about any point is the sum 
of the moments of the component forces. When the origin is on 
the resultant, coincides with in direction, and = 0 ; or 
the algebraic sum of the moments about any point of the resultant 
is zero. If a single force ^ts at aJ we ma^", as usual, intro- 
duce two equal and opposite forces at the origin, or at any other 
point c; and thus replace by /S'o and Ya'/Q', or by /?'o' and 
Y (a'— y^)^i If ^ be a unit vector along any axis oz through the 
origin, then the moment of acting at aJ with reference to the 
axis oz, will be — or — S . fY/3'a' If yS' and ^ are in the 
same plane, in which case the}" either intersect or are parallel ; 
or, if the axis passes thi'ough a' there will be no moment : in 
these cases, a[ p' and f are complailar, and — S/3^a'^ = 0. 
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3. If the forces are parallel, their resultant /3 = 

= ; and, therefore, for equilibrium, 2TjS'=: Sb'= 0. The 

moment of a force with reference to any axis oz through the 
origin being — and the moment of the resultant being 

equal to the sum of the moments of the components, we have 
H/3a^=lSj8'a'^, which, for parallel forces, becomes S(2^' . 

= S(TJ^S6'a'. ^), which, being true for any axis, is satisfied 
for Sb ' . a = Sb'a ' ; 


a 


26' ’ 




which is independent of U/5, and hence is the vector to the ce}i- 
ter of parallel forces. When 26'= 0, the above equations give 
/5 = 0 and a = oo, the S 3 "stem reducing to a couple. For a sys- 
tem of particles whose weights are to, eoj' , we have the vec- 

22c'a' 


tor to the center of gravity a ■ 


2«o' 


From this equation, 


2^^^'(a — a') = 0 ; whence, if the particles are equal, the sum of 
the vectors from the center of ‘gravity to each particle is zero; and, 
if unequal, and the length of each vector is increased propor- 
tionately to the weight of each particle, their sum is zero. For 

equal particles, a= . - , or the center of gravity of a system of 
aw' 

equal particles is the mean point (Art. 18) o/ the polyedron of 
lohich the paHicles are the vertices. For a continuous body 
whose weight is w, volume v, and density n at the extremity of 


2r>d'ya' 


2Ddz? 


, in which 2 ma}^ be replaced by the integral sign 


if the density’ is a known function of the volume. For a homo- 
geneous bod}’, a = which is applicable to lines, surfaces 

or solids, v representing a line, area or volume. Thus, for a 
plane curve p = <^(^) = a,' dv = ds = Tdp = T<^'(i)di and 


f<j3(t)T<t>'(t)dt 

fT4>'(t)cU 


( 0 ) 
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4. General conditions of equilibrium of a solid body. Let 

the forces /S’, , act at the points aJ aJ' of a solid body, 

and oa' = aj oa" = aj' Replacing each force by an equal 

one at the origin and a couple, the given s^^stem will be equiva- 
lent to a system of concurring forces at the origin and a system 
of couples. Hence, for equilibrium, 

SiS'-O, (d) 

0. (e) 

Let f be the vector to any point x. Then, from (c?), 

T • 0, and therefore, from (c), V . SVa'/5' ; whence 

~ f) = 0. (/) 

Conversely, $ being a vector to any point, the resultant coui^le, 
for equilibrium, is :SY(a' — 0 ; %Ya' j3'= 0 and 0. 

Therefore (/) is the necessary and sufficient condition of equi- 
librium. 

This condition may be otherwise expressed hy the principle 

of viilnal moments. Let be the displacements. Then 

the virtual moment of /?' is — ; and, for equilibrium. 

This equation involves (d) and (e). Thus, if the 
displacement corresponds to a simple translation, 8'= 8" =8"^ 
= etc. = a constant.^ and we may write SS/6^8' = SSS/?' = 0 ; 
whence, since 8 is real, S/5'=0. Again, if the displacement 
coiTesponds to a rotation about an axis C being a unit vector 
along the axis, 

‘ YfaO = - ^Y^aJ 

the last term being a vector perpendicular to the axis. For a 
rotation about this axis through an angle this term becomes 

— ^ ^ cos^ Y^a'-f sin^ Y£a! and becomes 
a'i= - ^ cos (9 YCa'-l- smO Y^aj 

which, for an infinitely small disiDlacement, 
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Placing the scalar factor under the vector sign and writing ^ 
simply for to denote the indefinitely short vector along oz, 

or, Ka! Hence S^SVa'/S' ; or, since S is 

not zero, 5Va'/3'=: 0. 

5. Illxistmtions. 

(1) Three concurrent forces, represented in magnitude and 
direction b}" the medials of any triangle, are in equilibrium. 
(See Ex. 2, Art. 17.) 

(2) If three concurring forces are in equilibrium, they are 

complanar. By condition, 0. Operating with 

S . we have 0. 

(3) In the preceding case, operating with Y. /3'x, we have 

Yy5'/3''-f“Yj8'^'"= 0 ; whence, since the forces are complanar, 
TV^'/3"= or WW sin(^' sin(/3; . A sim- 

ilar relation may be found for an}^ two of the forces ; whence 

h' : : W' : : sin(^;' yS'") : sin(^; /5^") : sin(^; . 

(4) If two forces are represented in magnitude and position 
by two chords of a semicircle drawn from a point on the circum- 
ference, the diameter through the point represents the resultant. 

(5) A weight, w\ rests on the arc of a vertical plane curve, 
and is connected, by a cord passing over a pulley, with another 
weight, xv!' Find tlie relation between the weights for equili- 
brium. 

(a) Let the ciurve be a parabola, and the pulley at the focus. 
Then, from Eq. (a) of this article, the equation of the curve be- 

ingp = ^ (y^-^^)a+y^, vre have 
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ia which r = radius vector. Hence 


--w''+ -w"=0, 


or, since r=aj + p, Hence, if the weights ai’e equal, 

equilibrium will exist at all points of the curve. 

(h) Let the curve be a circle and the pulley at a distance m 
from the curve on the vertical diameter produced. With t he 
origin at the highest point of the circle, p = aja -f- V2Ra; — 
Hence, r being the distance of the pulley from iv', 


- y^ + = 0 ; - 




riv 

R 4- m' 


(c) Let to be placed on the concave arc of a vertical circle, 
and acted upon by a repulsive force varying inversel}" as the 
square of the distance from the lowest point of the circle. To 
find the position of equilibrium. The origin being at the lowest 
point of the circle, and r the distance required, let be the 

intens% of the force at a unit’s distance ; then ^ will be its 
intensity for an}" distance r, and ^ 

S 

whence 


(d) Let to^ rest on a right line inclined at an angle $ to the 
horizontal, and connected with to'' by a cord passing over a pul- 
ley at the upper end of the line. Find the relation between the 
weights. With the origin at the lower end of the line, its equa- 
tion is p = xa. If /? is in the direction of to', then Sa(w'/3+w"a) 
= 0; ^^;''=5^(;'sin^. 




+ ■ 


-P 


r . J 


0 ; 




(6) To find the center of gravity- of three equal particles at 
the vertices of a triangle, a, b, c being the vertices, the vector 
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from A to the center' of gravit}' of the weights at A and b is 
^AB = Ar>. The vector to the center of gravit}" of the three 
weights is •J-(ab + ac) = I* ab + xdc = -J- ab + a;( — ab + ac) ; 

and the required point is the center of gi'a^uty of the 

triangle. 

(7) Find the center of gravity of the perimeter of a triangle. 

(8) Find the center of gi'avity of four equal particles at the 
vertices of a tetraedron. 

(9) Show that the center of gravity of four equal particles 
at the angular points of any quadrilateral is at the middle point 
of the line joining the middle points of a pair of opposite sides. 

(10) The center of gi-avity of the triangle formed by joining 
the extremities of perpendiculars, erected outwards, at the mid- 
dle points of Siny triangle, and proportional to the corresponding 
sides, coincides with that of the original triangle. Let abc be 
the triangle, bc = 2 a, ca = 2j8 and € a vector perpendicular to 
the plane of the triangle. Then, if m is the given ratio, b the 
initial point, and Ri, Rsi '^s the extremities of the perpendiculars 
to BC, CA, ab, respectively, 

BEi = a -f- mca, BKa = 2 a -+• yS + BR 3 = a -j- /? — m€(a -|-^) ; 

.*. •J-(BRi4'BR2-f BR3) = 'J(4a-4- 2^) = -^[2 a + 2 (a -j- 


(11) To find the center of gravity of a circular arc. The 
equation of the circle p = r(cos^ . a -h sin0 . ^), gives dp = 
v(— sin^ . a-f- cos^ . /S)dO ; 


ai = - 


j'4,(e)n<i>'(e)de JV(cose 


J'S4,'(e)cw 


* a sin 0 • P)d6 

7 ® 


For an arc of 90? integrating between the limits ^ and 0, 
ai = — (a -f- ^) , the distance from the center being — V2 ; which 

TT TT 
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may be obtained directly also by integi'ating between the limits 
~ and — For a semicircumference or arc of 60° we have, in 

2 r 3 r 
like manner, — and — . 

TT TT 


(12) If a, /3, y are the vector edges of any tetraedim, the 
origin being at the vertex, then p — a, ^8 — y, a — yS are lines of 
the base, p being any vector to its plane. Hence this plane is 
represented by S (p — a) (j8 — y) (a — ^) = 0 ; .*. Sp (Va^S + 

Yya 4* V)8y) — Sa/?y = 0. If 3 be the vector perpendicular on 
the base, 

and, taking the tensors, 

T (Va)8 + TjSy + Tya) = ^ ' = 2 area base. 


But Taj8 + + Vya + V^a + Vy^S + Vay = 0, in which the 

last terms are twice the vector areas of the plane faces. The 
sum of the vector areas of aU the faces is therefore zero. Since 
any polyedron may be divided into tetraedra by plane sections, 
whose vector areas will have the same numerical coefficient, but 
have opposite signs two and two, the sicm of the vector areas of 
any polyedron is zero. These vector ai’eas represent the pres- 
sures on the faces of a polyedron immersed in a perfect fluid 
subjected to no external forces. For rotation, since the points 
of application of these pressures are the centers of gravity of 
the faces, to which the vectors are 

i(a + /?-hy), i(/3 + a), i(y + /3), i(a + y), 

we have the couples 

“by) +V^+^ya) + (a-|-^)V^a-)-(^ + y) 
Vy/5 + (y + a)Tayj 
= — ^ V (aY^y + /5Yya -f yJa/S ) , 

since aYa/3-|-aYj8a = 0, etc. But, Equation (123), this sum is 
zero. Hence there is no rotation. 
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100. Miscellaneous Examples. 

1. In Fig. 58, F, A and k are collinear. 

2. In Fig. 58, ae2=ab^— ac^ 

3. In Fig. 13, if the lines from the vertices of the parallelo- 

gram through o and p are angle-bisectors, omitp is a 
rectangle. 

4. If the corresponding sides of two triangles are in the same 

ratio, the triangles are similar. 

5. a, y being the vector sides of a x^lane triangle, if yS=a“f-y, 
show that 6^=c^~cacosB+a6cosc. 

6. The sides bc, ca, ab of a triangle are produced to d, e, f, 

so that CD = mBC, ae = ?iCA, bf = j)AB. Find the inter- 
sections Qi, Qo, Qg of EB, FC ; FC, DA ; DA, EB. 

7. In any right-angled triangle, four times the sum of the 

squares of the medials to the sides about the right angle 
is equal to five times the square of the hypothenuse. 

8. If ABC be any tiiangle, m its mean point, and o any point 

in space, then 

AB--4- BC^+ CA^ = 3(0A^-|- 0B-+ OC^) — (3 OM)^. 

9. If ABCD be any quadrilateral, m its mean point, and o any 

point in space, then 

AB^-h BC^+ CD^+ DA^ 

= 4(OA^-f OB^-HOC^-h OD-) — (4om)^— AC^— BD^ ' 

10. If ABC be any triangle, and c', b', a' the middle points of 

AB, AC, CB, then, o being any point in space, 

AB^-f-BC^-f ca®=4(oa^+ob^-J-oc-) — 4(ob'^-|-oc'--1-oa'-) . 

11. If ABC be any triangle and m its mean point, then 

AB^+ BC^-h CA^ = 3 (am2+ CM^) . 

12. Points p, Q, R, s are taken in the sides ab, bc, od, da of a 

parallelogram, so that ap = mAB, bq = ??ibc, etc. Show 
that PQRS is a parallelogram whose mean point coincides 
with that of abcd. 
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13. The sides of any quadrilateral are dirided equably at p, q, 

R, s, and the points of division joined in succession. If 
PQRS is a parallelogram, the original quadrilateral is a 
parallelogram, 

14. The n^iddle points of the three diagonals of a complete 

quadiilateral are collinear. 

15. If any quadrilateral be divided into two quadrilaterals l)y 

any cutting line, the centers of the three are collinear. 

16. If a circle be described about the mean point of a paral- 

lelogi’am as a center, the sum of the squares of the lines 
drawn from any point in its circumference to the four 
angular points of the parallelogram is constant. 

17. A quadrilateral possesses the following property : any point 

being taken, and four triangles formed by joining this 
point with the angular points of the figure, the centers 
of gi'avity of these triangles lie in the circumference of a 
circle. Pi’ove that the diagonals of this quadi’ilateral are 
at right angles to each other. 

18. The sum of the vector perpendiculars from a, b, c, .... on 

any line through their mean point is zero. 

19. a, 5, c are the three adjacent edges of a rectangular paral- 

lelepiped. Show that the area of the triangle formed l)y 
joining their extremities is |•V&V+ a^c-+ 

20. Given the co-ordinates of a, b, c, n referred to rectangular 

axes. Find the volume of the pyramid o— abcd, o being 
the origin. 

21. Any plane through the middle points of two opposite edges 

of a tetraedron bisects the latter. 

22. The chord of contact of two tangents to a circle drawn 

from the same point is perpendicular to the line joining 
that point with the center. 

23. If two circles cut each other and from one point of section 

a diameter be drawn to each circle, the line joining their 
extremities is parallel to the line joining their centers, 
and passes through the other point of section. 



mSCELLANEOXJS EXAMPLES. 


233 


24. The square of the sum of the diameters of two circles, tan- 

gent at a common point, is ’equal to the sum of the 
squares of any two common chords through the point of 
tangency, at right angles to each other. 

25. T is any point without a circle whose centre is c ; from t 

draw two tangents tp, tq, also any line cutting the circle 
in V, and pq in R ; di*aw cs perpendicular to tt. Then 

SR . ST = sv^. 

26. If a series of circles, tangent at a common point, are cut 

by a fixed circle, the lines of section meet in a point. 

27. In Ex. 26, the intersections of the pairs of tangents to the 

fixed circle, at the points of section, lie in a straight 
line. 

28. If three given circles are cut by any circle, the lines of 

section form a triangle, the loci of whose angular points 
are right lines perpendicular to the lines joining the 
centers of the given circles. 

29. The three loci of Ex. 28 meet in a point. 

30. Given the base of an isosceles triangle, to find the locus of 

the vertex. 

31. Find the locus of the center of a circle which passes through 

two given points. 

32. Find the locus of the center of a sphere of given radius, 

tangent to a given sphere. 

33. The locus of the point from which two circles subtend 

equal angles is a circle, or a right line. 

34. Given the base of a triangle, and m times the square of 

one side plus n times the square of the other, to find the 
locus of the vertex. 

35. Given the base and the sum of the squares of the sides of 
a triangle, to find the locus of the vertex. 

In Ex. 35, given the difference of the squares, to find the 
locus. 


36 . 
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37. OB and oa are any two lines, and mp is a line parallel to 

OB. Find the locus of the intersection of OQ and bq 
drawn parallel to ap and op, respectively. 

38. From a fixed point p, on the surface of a sphere, chords 

pp', pp", .... are drawn. Find the locus of a point o on 
these chords, such that pp'. po = 

39. A line of constant length moves with its extremities on two 

straight lines at right angles to each other. Find the 
locus of its middle point. 

40. Find the locus of a point such that if straight lines be 

drawn to it from the four corners of a square, the sum 
of their squares is constant. 

41. Find the locus of a point the square of whose distance 

from a given point is proportional to its distance from a 
given line. 

42. Find the locus of the feet of perpendiculars from the origin 

on planes cutting off pyramids of equaF volume from 
three rectangular co-ordinate axes. 

43. Given the base of a triangle and the ratio of the sides, to 

find the locus of the vertex. 

44. Show that VapYp^ = (Ta/Sy is the equation of a hyperbola 

whose asymptotes are parallel to a and 

45. Find the point on an ellipse the tangent to which cuts off 

equal distances on the axes. 

46. A and b are two similar, similarly situated, and concentric 

ellipses ; c is a third ellipse similar to a and b, its center 
being on the circumference of b, and its axes parallel to 
those of A and b : show that the chord of intersection of 
A and B is parallel to the tangent to b at the center of c. 
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Elements of the Calculus. 

By A. S. Hardy, Professor of Mathematics in Dartmouth College. 8vo. 

Cloth, xi + 239 pages. By mail, S1.60; for introduction, $1.50. 

text-book is based upon the method of rates. The object 
of the Differential Calculus is the measurement and comparison 
of rates of change when the change is not uniform. Whether a 
quantity is or is not changing uniformly, however, its rate at any 
instant is determined essentially in the same manner, viz. : by let- 
ting it change at the rate it had at the instant in question and 
observing what this change is. It is this change which the Cal- 
culus enables us to determine, however complicated the law of 
variation may be. From the author’s experience in presenting the 
Calculus to beginners, the method of rates gives the student a more 
intelligent, that is, a less mechanical, grasp of the problems within 
its scope than any other. "Ro comparison has been made between 
this method and those of limits and of infinitesimals. This larger 
view of the Calculus is for special or advanced students, for which 
this work is not intended ; the space and time which would be 
required by such general comparison being devoted to the applica- 
tions of the method adopted. 

Part I., Differential Calculus, occupies 166 pages. Part II., Inte- 
gral Calculus, 73 pages. 


George B. Merriman, Pro/, of 

Mathematics and Astronomy, Rut- 
gers Oollege: I am glad to observe 
that Professor Hardy has adopted 
the method of rates in his new Calcu- 
lus, a logical and intelligent method, 
which avoids certain difficulties in- 
volved in the usual methods. 

J. B. Coit, Prof, of Mathematics, 
Boston University : It pleases me 
very much. The treatment of the 
first principles of Calculus by the 
method of rates is eminently clear. 
Its use next year is quite probable. 

Ellen Hayes, Prof, of Mathemat- 
ics, Wellesley College : I have found 


it a pleasure to examine the book. 
It must commend itself in many 
respects to teachers of Calculus. 

W. E. McDaniel, Prof, of Mathe- 
matics, Western Maryland College: 
Hardy’s Calculus and Analytic Ge- 
ometry are certainly far better books 
for the college class-room than any 
others I know of. The feature of 
both books is the directness with 
which the author gets right at the 
very fact that he intends to convey 
to the student, and the force of his 
presentation of the fact is greatly 
augmented by the excellent arrange- 
ment of type and other features of 
the mechanical make-up. 
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The Method of Least Squares. 

With Numerical Examples of its Application. By Geoegb C. Com- 
stock, Professor of Astronomy in the University of Wisconsin, and 
Director of the Washburn Observatory. 8vo. Cloth, viii + 68 pages. 
Mailing price, ^1.05 ; for introduction, ^1.00. 

rPHIS TOik contains a presentation of the methods of treating 
observed numerical data which are in use among astronomers, 
physicists, and engineers. It has been written for the student, 
and presupposes only such mathematical attainments as are usually 
possessed by those who have completed the first two years of the 
curriculum of any of our better schools of science or engineering. 

Peirce’s Elements of Logarithms. 

With an esmlanation of the author’s Three and Four Place Tables. By 
Professor James Mills Peirce, of Harvard University. 12mo. Cloth. 
80 pages. Mailing price, 55 cents ; for introduction, 60 cents. 

^HE design of the author has been to give to students a more 
complete and accurate knowledge of the nature and use of 
Logarithms than they can acquire from the cursory study com- 
monly bestowed on this subject. 


Mathematical Tables Chiefly to Four Figures. 

With full explanations. By Professor James Mills Peirce, of Harvard 
University. 12mo. Cloth. Mailing price, 45 cents ; introduction, 40 cents. 


Elements of the Differential Calculus. 

With numerous Examples and Applications. Designed for Use as a Col- 
lege Text-Book. By W. E. Byerlt, Professor of fcthematics, Harvard 
University. 8vo. 273 pages. Mailing price, 5^2.16 ; introduction, $2.00 j 
allowance, 40 cents. 

rpHE peculiarities of this treatise are the rigorous use of the 
Doctrine of Limits, as a foundation of the subject, and as 
preliminary to the adoption of the more direct and practically con- 
venient infinitesimal notation and nomenclature ; the early intro- 
duction of a few simple formulas and methods for integrating ; a 
rather elaborate treatment of the use of infinitesimals in pure 
geometry ; and the attempt to excite and keep up the interest of 
the student by bringing in throughout the whole book, and not 
merely at the end, numerous applications to practical problems in 
geometry and mechanics. 
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Elements of the Integral Oaloulus. 

Second Edition, revised and enlarged. By "W. E. Byerlt, Professor of 
Mathematics in Harvard University. 8vo. xvi + 383 pages. Mailing 
price, $2.15; for introduction, $2.00; allowance for old book, 40 cents. 

rpHIS work contains, in addition to the subjects usually treated 
in a text-book on the Integral Calculus, an introduction to 
Elliptic Integrals and Elliptic Functions; the Elements of the 
Theory of Functions ; a Key to the Solution of Differential Equa- 
tions ; and a Table of Integrals. 

The subject of Definite Integrals is much more fully treated 
than in the earlier edition, and in addition to the new matter, 
mentioned above, a chapter has been inserted on Line, Surface, 
and Space Litegi-als. The Key has been enlarged and improved, 
and the Table of Integrals, formerly published separately, has 
been much enlarged, and is now bound with the Calculus. 


John E. Clark, Pro/, of Mathe- 
matics, Sheffield Scientific School of 
Tale University : The additions to 
the present edition seem to me most 
judicious and to greatly enhance its 
value for the purposes of university 
instruction, for which in several im- 
portant respects it seems to me better 
adapted than any other American 
text-book on the subject. 

W. C. Esty, Prof, of Mathematics, 
Amherst College, Amherst, 3fass.: 
Its value is greatly increased by the 


additions. It is a fine introduction 
to the topics on which it treats. It 
may well take its place beside the 
treatises of Todhunter and William- 
son, as one of the best of hand- 
books for students and teachers of 
the higher mathematics. 

Wm. J. Yaughn, Prof, of Mathe- 
matics, Vanderbilt University: It is 
pleasing to see the author avoiding, 
and in some cases leaving out of 
sight, the old ruts long since worn 
smooth by our teaching fathers. 


A Short Table of Integrals. 

Revised and Enlarged Edition. To accompany Byerly’s Integral Cal- 
culus. By B. 0. Peirce, Professor of Mathematics, Harvard University. 
32 pages. Mailing price, 15 cents. Bound also with the Calculus. 

Byerly’s Syllabi. 

By W. E. Bybrly, Professor of Mathematics in Harvard University. 
Each, 8 or 12 pages, 10 cents. The series includes, — Plane Trigonometry , 
Plane Analytical Geometry, Plane Analytic Geometry {Advanced 
Course), Analytical Geometry of Three Dimensions, Modern Methods 
in .^al^ic Geometry, the Theory of Equations. 
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Directional Oalcuius. 


By E. \V. Hyde, Professor of Mathematics in the University of Cincin- 
nati. 8vo. Cloth, xii + 2i7 pages, with blank leaves for notes. Price 
by mail, 32.15; for introduction, 32.00. 

rPHIS work follows, in the main, the methods of Grassmann’s 
Ausdehnungslehre, but deals only with space of two and three 
dimensions. The first two chapters which give the theory and 
fundamental ideas and processes of his method, will enable students 
to master the remaining chapters, containing applications to Plane 
and Solid Geometry and Mechanics ; or to read Grassm ami's original 
works. A very elementary knowledge of Ti*igonoinetry, the Differ- 
ential Calculus and Determinants, will be sufficient as a preparation 
for reading this book. 


Daniel Carhart, Prof, of Mathe- 
matics, Western University of Penn- 
sylvania: I am pleased to note the 
success which has attended Professor 


Hyde’s efforts to bring into more 
popular form a branch of mathemat- 
ics which is at once so abbreviated in 
form and so comprehensive in results. 


Elements of the Differential and Integral Calculus. 


With Examples and Applications. By J. M. Taylor, Professor of 
Mathematics in Madison University. 8vo. Cloth. 249 pages. Mailing 
price, 31*95 ; for introduction, 31*80 ; allowance for old book, 40 cents. 


^HE aim of this treatise is to present simply and concisely the 
fundamental problems of the Calculus, their solution, and more 
common applications. 

Many theorems are proved both by the method of rates and that 
of limits, and thus each is made to throw light upon the other. 
The chapter on differentiation is followed by one on direct integra- 
tion and its more important applications. Throughout the work 
there are numerous practical problems in Geometry and Mechanics, 
which serve to exhibit the power and use of the science, and to 
excite and keep alive the interest of the student. In February, 1891, 
Taylor’s Calculus was found to be in use in about sixty colleges. 


The Nation, New York : In the 
first place, it is evidently a most 
carefully written book. . . . We are 
acquainted with no text-book of the 
Calculus which compresses so much 
matter into so few pages, and at the 
same time leaves the impression that 


all that is necessary has been said. 
In the second place, the number of 
carefully selected examples, both of 
those worked out in full in illustra- 
tion of the text, and of those left for 
the student to work out for himself, 
is extraordinary. 
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Elementary Oo-ordinate Geometry. 

By W. B. Smith, Professor of Math., Missouri State University. 12nio, 

Cloth. 312 pages. Mailing Price, .$2.15; for introduction, $2.C)0. 

T^HILE in the study of Analytic Geometry either gain of 
knowledge or culture of mind may be sought, the latter 
object alone can justify placing it in a college curriculum. Yet the 
subject may be so pursued as to be of no great educational value. 
Mere calculation, or the solution of problems by algebraic processes, 
is a very inferior discipline of reason. Even geometry is not the 
best discipline. In all thinking, the real difficulty lies in forming 
clear notions of things. In doing this all the higher faculties are 
brought into play. It is this formation of concepts, therefore, that 
is the essential part of mental training. And it is in line with this 
idea that the present treatise has been composed. Professors of 
mathematics speak of it as the most exhaustive work on the sub- 
ject yet issued in America ; and in colleges where an easier text- 
book is required for the regular course, this will be found of great 
value for post-graduate study. 


Wm. G. Peck, Pro/, of Mathe- 
mattes and Astronomy^ Columbia 
College : I have read Dr. Smith’s Co- 
ordinate Geometry from beginning 
to end with unflagging interest. Its 
well compacted pages contain an im- 
mense amount of matter, most ad- 


mirably arranged. It is an excellent 
book, and the author is entitled to 
the thanks of every lover of mathe- 
matical science for this valuable con- 
tribution to its literature. I shall 
recommend its adoption as a text- 
book in our graduate course. 


Elements of the Theory of the Newtonian Poten- 

tial Function. 

By B. O. Peirce, Professor of Mathematics and Physics, in Harvard 
University. 12mo. Cloth. 154 pages. Mailing price, $1.60 ; for intro- 
duction, $1.50. 

rPHIS book was written for the use of Electrical Engineers and 
students of Mathematical Physics because there was in English 
no mathematical treatment of the Theory of the Newtonian Poten- 
tial Function in sufficiently simple form. It gives as briefly as is 
consistent with clearness so much of that theory as is needed be- 
fore the study of standard works on Physics can be taken up with 
advantage. In the second edition a brief treatment of Electro- 
kinematics and a large number of problems have been added. 
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Academic Trigonometry : piane and spherical. 

By T. M. BiiAKSLEE, Ph.D. (Yale), Professor of Mathematics in Des 
Moines College, Iowa. 12mo. Cloth. 33 pages. Mailing price, 30 
cents ; for introduction, 25 cents. 

rpHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 
entire subject can be mastered in less time than is usually given to 
Plane Trigonometry alone, as the work contains but 29 pages of text- 
The Plane portion is compact, and complete in itself. 

Examples of Differential Equations. 

By George A. Osborne, Professor of Mathematics in the Massachu- 
setts Institute of Techiiolop”, Boston. 12mo. Cloth, vii + 50 pages. 
Mailing Price, GO cents; for introduction, 50 cents. 

A SERIES of nearly three lumdred examples with answers, sys- 
teinatically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 

Selden J. Coffin, Ic/tcij/ Prof, o/ 1 Its appearance is most timely, and it 
Mathematics, Lafayette College : I supplies a manifest want. 


Determinants. 

The Theory of Determinants : an Elementary Treatise. By Paul H. 
Hanus, B.'S., recently Professor of Mathematics in the University of 
Colorado, now Principal of West High School, Denver, Col. Svo. Cloth, 
viii + 217 pages. Mailing Price, $1.90; for introduction, $1.80. 


rpHIS book is written especially for those who have liad no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader\s interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
can be presented without exceeding the limits of the heatise. 


William G. Peck, Prof, of Mathe- 
matics, Columbia Collcue, N.T. : A 
hasty glance convinces mo that it is 
an improvement on Muir. 

(Awi/.30, 188C.) 


T. W. Wright, Prof, of MathemaU 
irs. Union Univ,, Schenectady, N,Y.: 
It fills admirably a vacancy in oui 
matliematical literature, and is a 
very welcome addition indeed. 
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Analytic Geometry. 

By A. S. Hab dy, Ph JD., Professor of Mathematics in Dartmouth College, 
and author of JSlemeiits of Quaternions. 8vo. Cloth. xiv+ 239 pages. 
Mailing Price, ^1.60; for introduction, §1.60. 

Q^HIS work is designed for the student, not for the teacher. 

Particular attention has been given to those fundamental con- 
ceptions and processes which, in the author’s experience, have been 
found to be sources of difficulty to the student in acquiring a grasp 
of the subject as a method of research. The limits of the work are 
fixed by the time usually devoted to Analytic Geometry in our 
college courses by those who ai*e not to make a special study in 
mathematics. It is hoped that it will prove to be a text-hook which 
the teacher will wish to use m his class-room, rather than a hook of 
reference to be placed on his study shelf. 


Oren Boot, Professor of^fathemat- 
ICS, Hamilton College: It meets quite 
fully my notion of a text for our 
classes. I have hesitated somewhat 
about introducing a generalized dis- 
cussion of the conic in required work. 
X have, however, read Mr. Hardy’s 
discussion carefully twice; and it 
seems to me that a student who can 
get the subject at all can get that. ' 
It is my present purpose to use the 
work next year. 

JohnE. (Bark, Professor of Mathe- 
matics^ Sheffield Scientific School of 
Tale College : I need not hesitate to 
say, after even a cursory examinar 
tion, that it seems to me a very at- 
tractive book, as I anticipated it 


would be. It has evidently been pre- 
pared with real insight alike into the 
nature of the subject and the difficul- 
ties of beginners, and a very thought- 
ful regard to both ; and I think its 
aims and characteristic features wiD 
meet with high approval. 'While 
leading the student to the usual use- 
ful results, the author happily takes 
especial paius to acquaint Mm with 
the character and spirit of analytical 
methods, and, so far as practicable, to 
help Mm acquire skill in using them. 

John B. French, Bean of College 
of Liberal Arts, Syracuse Univer- 
sity: It is a very excellent work, 
and well adapted to use in the reci- 
tation room. 


Elements of Quaternions. 

By A. S. Hardy, Ph.D., Professor of Mathematics, Dartmouth College. 
Second edition, revised. Crown 8vo. Cloth, viii + 234 pages. Mailing 
Price, §2.15; Introduction, §2.00. 

rpHB chief aim has been to meet the wants of beginners in the 
class-room., and it is believed that this work will be found 
superior in fitness for beginners in practical compass, in explan ar 
tions and applications, and in adaptation to the methods of instruct 
tion common in this country. 
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Elements of Plane Analytic Geometry. 

By John D. Runkle, Walker Professor of Mathematics in the Massa- 
chusetts Institute of Technolo^, Boston. 8vo. Cloth, ii + 2M: pages. 
Mailing Price, 82.25 ; for introduction, 82.00. 

JN this work, the author has had particularly in mind the needs 
of those students w^ho can devote but a limited time to the 
subject, and yet must become quite familiar with at least its more 
elementary and fundamental part. For this reason, the earlier 
chapters are treated with somewhat more fulness than is usual. 
For some propositions, more than a single proof is given, and par- 
ticular care has been taken to illustrate and enforce all parts of 
the subject by a large number of numerical applications. In the 
matter of problems, only the simpler ones have been selected, and 
the number has in every case been proportioned to the time that 
the students will have to devote to them. In general, propositions 
have been proved first with reference to rectangular axes. The 
determinant notation has not been used. 


Descriptiue Geometry. 


By Lintus Faunce, Assistant Professor of Descriptive Geometry and 
Drawing m the Massachusetts Institute of Technology. 8vo. Cloth. 
54 pages, with 16 lithographic plates, including 88 diagrams. Mailinff 
Price, $1.35; for introduction, 8l«25. 


JH addition to the ordinary problems of Descriptive Geometry, 
this work includes a number of practical problems, such as 
might be met with by the draughtsman at any time, showing the 
application of the principles of Descriptive Geometry, a feature 
hitherto omitted in text-books on this subject. All of the prob- 
lems have been treated clearly and concisely. The author’s sole 
aim has been to present a work of practical value, not only as a 
text-book for schools and colleges, but also for every draughtsman. 

The contents are: Chap. I., Elementary Principles ; Notation. 
Chap, n., Problems relating to the Point, Line, and Plane. Chap. 
III., Principles and Problems relating to the Cylinder, Cone, and 
Double Curved Smiaces of Revolution. Chap. IV., Litersection of 
Planes and Solids, and the Development of Solids; Cylinders; 
Cones; Double Curved Surfaces of Revolution; Solids bounded by 
Plane Surfaces. Chap. V., Intersection of Solids. Chap. VI. Mis- 
cellaneous Problems. 
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Wheeler’s Plane and Spherical Trigonometry. 

By H. N. Wheeler, A.M., formerly of Harvard University. 12mo. 
Cloth. 211 pages. Mailing price, $1.10; introduction, 81.00; allow- 
ance, 30 cents. Peirce’s Mathematical Tables are included. 

rpHE special aim of the Plane Trigonometry is to give pupils a 
better idea of the trigonometric functions of obtuse angles 
than they could obtain from any book heretofore existing. 

In the treatment of Spherical Trigonometry special pains has 
been taken to present applications to Geometry and Astronomy, 
and problems involving these applications. 


Adjustments of the Compass, Transit, and Level. 

By A. V. Lane, C.E., PhJD., Associate Professor of Mathematics, Uni- 
versity of Texas, Austin. 12mo. Cloth, v + 43 pages. Mailing price, 
33 cents ; for introduction, 30 cents, 

• Principles of Elementary Algebra. 

By H. W. Keigwin, Professor of Mathematics, Episcopal Academy, 
Cheshire, Coun. 12mo. Paper, ii+41 pages. Mailing and introduc- 
tion price, 20 cents. 

rpHIS little book is intended as an outline of thorough oral 
instruction, and is all the “text” which the author has 
found it necessary to put into his pupils’ hands. It should, of 
course, be accompanied by a good set of exercises and problems. 


MBtriCCll GBOWQtry. An Elementary Treatise on Mensuration. 

By George Bruce Halstbd, PhJ)., Professor of Mathematics, Univer- 
sity of Texas. Austin. 12mo. Cloth. 246 pages. Mailing price, 81.10 ; 
for introduction, $1.00. 

rpHIS work applies new principles and methods to simplify the 
measurement of lengths, angles, areas, and volumes. It is 
strictly demonstrative, but uses no Trigonometry, and is adapted 
to be taken up in connection with or following any elementary 
Geometry. A hundred illustrative examples are worked out in the 
course of the book, and at the end are five hundred carefuUy 
arranged and indexed exercises, using the metric system. 
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k Treatise on Plane Surveying. 

By Daniel Caehart, C.E., Professor of Civil Engineering in the West* 
ern University of Pennsylvania, Allegheny. Illustrated. 8vo. Half 
leather, xvii + 498 pages. Mailing Price, $2.00; for introduction, $1.80. 

rpHIS work covers the whole ground of Plane Surveying. It 
illustrates and describes the instruments employed, their ad- 
justments and uses ; it exemplifies the best methods of solving the 
ordinary problems occm-ring in practice, and furnishes solutions 
for many special cases which not infrequently present themselves. 
It is the result of twenty years’ experience in the field and technical 
schools, and the aim has been to make it extremely practical, having 
in mind always that to become a reliable surveyor tlie student needs 
frequently to manipulate the various surveying instruments in the 
field, to solve many examples in the class-room, and to exercise 
good judgment in all these operations. I^ot only, therefore, are 
the different methods of surveying treated, and directions for using 
the instruments given, but these are supplemented by various field 
exercises to be performed, by numerous examples to be wrought, 
and by many queries to be answered. 

The judicial functions of surveyors, as given by Chief Justice 
Cooley, are set forth in an appendix. 

As a practical and complete treatise, Carhart’s Surveying has 
received a cordial welcome. 


W. A. Moody, Prof, of Mathemat’^ 
2C5, Bowdoin College : I consider the 
book exceptiorally fine in execution, 
subject-matter, and arrangement. 

D. W. Herinfe, formerly Prof, of 
Math,, Univ, of City of New York: 
The Surveying is, I think, superior 
as a text-book to any book on the 
subject with which I am acquainted. 
It is compendious without being too 
voluminous, and the skilful treat- 
ment of the subject accords perfectly 
with the methods of the author, both 
as a teacher and a practical engi- 
neer. 

Oren Boot, Prof, of Mathematics, 
Mamilion College : I have looked it 


through with great interest. The 
mechanical execution is, in the first 
place, elegant; the arrangement is 
admirable. . . . The work seems ad- 
mirably adapted to student use and 
the class-room. 

Wm. Hoover, Prof, of Mathemat- 
ics, Ohio University: It is indeed a 
superior work, and merits the widest 
adoption. 

Colman Bancroft, Prof, of Mathe- 
matics, Hiram College : I find in it 
several important matters not con- 
tained in other text-books with which 
I am acquainted, — matter which I 
have felt obliged to give my classes 
by lectures. 



